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Outline

In this lecture:

Star-Convexity and ↵-Weak-Quasi-Convexity

Convergence Results under Star-Convexity and ↵-Weak-Quasi-Convexity
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Star-Convex Function

Definition 1 ([Nesterov and Polyak, Math Prog’06])Definition 1 (Definition 1 ([Nesterov and Polyak, Math Prog’06])

A function f(x) is called star-convex if for some global minimizer x⇤ and for all
� 2 [0, 1] and x 2 Rd

f(�x+ (1� �)x⇤)  �f(x) + (1� �)f(x⇤)

Remarks

Any interval connecting some point x and some global minimizer x⇤ lies not
lower than the graph

Considerably weaker than convexity

For example, |x|(1� e
�|x|) is a nonconvex star-convex function.
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An Example of Star-Convex Landscape

Intuitively, if we visualize the objective function as a landscape, star-convexity
means that the global optimum is “visible” from every point (i.e., “no
blocking ridges”, figure from [Lee and Valiant, FOCS’16])
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Optimal First-Order Algorithms under Star-Convexity

AGMsDR [Nesterov et al., arXiv:1809.05895]

I Accelerated Gradient Method with Small-Dimensional Relaxation (AGMsDR)

I For star-convex L-smooth functions, AGMsDR achieves

min
k=dT/2e,...,T

krf(yk)k2⇤  64L2�0

T 3
,

f(xT )� f(x⇤)  4L�0

T 2
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↵-Weak-Quasi-Convex Function

A more general class of functions:

Definition 2Definition 2Definition 2

A function f(x) is called ↵-weakly-quasi-convex function if for some global
minimizer x⇤, some some ↵ 2 (0, 1], and x 2 Rd, f(x) satisfies

f(x)� f(x⇤)  1

↵
hrf(x),x� x⇤i

Remarks

Continuously di↵erentiable 1-weakly-quasi-convex functions are exactly the
star-convex functions [Guminov et al., arXiv:1710.00797]
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Optimal FO Methods under ↵-Weak-Quasi-Convexity

Iteration complexity:

AGMsDR [Nesterov et al., arXiv:1809.05895]: O(↵�3/2
L
1/2�0✏

�1/2)

I AGMsDR requires exact line search

SESOP [Guminov et al., arXiv:1710.00797]: O(↵�1
L
1/2�0✏

�1/2)

I SESOP requires exact line search

GAGD [Hinder et al., COLT’20]: O(↵�1
L
1/2�0✏

�1/2)

I GAGD only requires simple backtracking and binary line search

I Also provided iteration complexity lower bound, thus proving GAGD being

order-optimal in terms of iteration complexity
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(↵, µ)-Strongly Quasi-Convex Function

A more general class of functions:

Definition 3Definition 3Definition 3

A function f(x) is called ↵-weakly-quasi-convex function if for some global
minimizer x⇤, some some ↵ 2 (0, 1], and x 2 Rd, f(x) satisfies

f(x)� f(x⇤)  1

↵
hrf(x),x� x⇤i � µ

2
kx� x⇤k2

Iteration complexity:

GAGD [Hinder et al., COLT’20]: O(↵�1
L
1/2�0 log(↵�1

✏
�1))
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Stochastic Methods under ↵-Weak-Quasi-Convexity

SGD [Gower et al., AISTATS’21]: finite-sum minimization:

I Sample complexity bound under “expected residual” assumption:

E[kg(x)� g(x⇤)� (rf(x)�rf(x⇤))k2]  2⇢(f(x)� f(x⇤)) for some ⇢ > 0:

O

✓
(⇢+ L)�2

0

↵2✏
+

�
2
⇤�

2
0

↵2✏2

◆

I Under interpolation condition and with Polyak step-size:

O

✓
L̄�2

0

↵2✏

◆

F L̄ is the expected smoothness constant
F In full batch case (i.e., g(x) = rf(x)), we have L̄ = L
F in importance sampling case (i.e., g(x) = rfj(x) where j = i with prob.

Li/
PN

k=1 Lk), we have L̄ = 1
N

PN
i=1 Li
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Thank You!
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