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Unbiased Stochastic Gradient

Random vector g̃ 2 Rn
is a unbiased stochastic gradient if it can be written

as g̃ = g + n, where g is the true gradient and E[n] = 0

n can be interpreted as error in computing g, measurement noise, Monte

Carlo sampling errors, etc.

If f(·) is non-smooth, g̃ is a noisy unbiased subgradient at x if

f(z) � f(x) + (E[g̃|x])>(z� x), 8z

holds almost surely.
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Stochastic Gradient Descent Method

Consider minx2Rn f(x). Following standard GD, we should do:

xk+1 = xk � skE[g̃k|xk]

However, E[g̃k|xk] is di�cult to compute: Unknown distribution, too costly

to sample at each iteration k, etc.

Idea: Simply use a noisy unbiased subgradient to replace E[g̃k|xk]

The stochastic subgradient method works as follows:

xk+1 = xk � skg̃k

I xk is the k-th iterate

I g̃k is any noisy gradient of at xk, i.e., E[g̃k|xk] = rf(xk)
I sk is the step size

I Let f
(k)
best , min

i=1,...,k
{f(xi)} and krf

(k)
bestk , min

i=1,...,k
{krf(xi)k}
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Historical Perspective

Also referred to as stochastic approximation in the literature, first introduced

by [Robbins, Monro ’51] and [Keifer, Wolfowitz ’52]

The original work [Robbins, Monro ’51] is motivated by finding a root of a

continuous function:

f(x) = E[F (x, ✓)] = 0,

where F (·, ·) is unknown and depends on a random variable ✓. But the

experimenter can take random samples (noisy measurements) of F (x, ✓)

Herbert Robbins Sutton Monro
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Historical Perspective

Robbins-Monro: xk+1 = xk + skY (xk, ✓), where:
I E[Y (x, ✓)|x = xk] = f(xk) is an unbiased estimator of f(xk)
I Robbins-Monro originally showed convergence in L2 and in probability
I Blum later prove convergence is actually w.p.1. (almost surely)
I Key idea: Diminishing step-size provides implicit averaging of the observations

Robbins-Monro’s scheme can also be used in stochastic optimization of the

form f(x⇤) = minx E[F (x, ✓)] (equivalent to solving rf(x⇤) = 0)

Stochastic approximation, or more generally, stochastic gradient has found

applications in many areas

I Adaptive signal processing
I Dynamic network control and optimization
I Statistical machine learning
I Workhorse algorithm for training deep neural networks
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convetgenceof-R.V.mn
1. Convergence on dtstr . ( weak convergence) .

A seq . of (real-valued ) v.v. {Xn} converges in distr.
to X

.

if doing Fnlxn ) = FIX) , when Fn and F are calf of ✗n
and ✗

, resp .
Denoted as : Xn•→ ✗

.

2. Convergence in prob . to V.V . :

{✗n} converges on prob. to a r- v. ✗ if He so ,
Lim Pr{ Ixn-✗ I >e) → . Denoted as :XnP→X

.

n→

3. Almost sure convergence ( pt. -wise convergence in real analysis) .
{Xn} converges as . (are. or w.pt or strongly ) to ✗

if Pr{¥gXn - ✗ 3--1 . Denoted as XnsX
.

4. Convergence oh expectation : Given rzl . {Xn} converges on

r- th mean to r-v. ✗ if r-th abosohte moments

F-{Knt } and F-{At} exist , and
or

lime { An-✗ 17--0 .

Denoted as Xn→ ✗ .

n→

* 8=1 : ✗n converges in mean to ✗ .

* r⇒ :
- - - - - - mean square to ✗ .



← strongest
Es ⇒ Is ⇒ Is

*
← Markov oneq. :Is ⇒ -0,

☒ : non- neg . r- v
. For some a> d

s > V31

PRIX> a) ⇐ ¥-1k .

* For r- v . Zi , - - - zn that are ckdep . with mean 0 .

F- [ 11£ , -1 - --+ 2-nl.FI e F- [Katie - - - tllznllif

* -

-
- -

- - -
- - - - not necc . ohdep . , we have

☒ [Hat - - - +znflifsnEHK-ili-c-i-dz-nl.FI



Assumptions and Step Size Rules

f
⇤ = infx f(xk) > �1, with f(x⇤) = f

⇤

E[kg̃kk22]  G
2
, for all k

E[kx0 � x⇤k22]  R
2

Commonly used step-size strategies:

Constant step-size: sk = s, 8k

Step-size is square summable, but not summable

sk > 0, 8k,
1X

k=1

s
2
k < 1,

1X

k=1

sk = 1

Note: This is stronger than needed, but just to simplify proof
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Convergence of SGD (Convex)

Convergence in expectation:

lim
k!1

E[f (k)
best] = f

⇤

Convergence in probability: for any ✏ > 0,

lim
k!1

Pr{|f (k)
best � f

⇤| > ✏} = 0

Almost sure convergence

Pr
�

lim
k!1

f
(k)
best = f

⇤ = 1

See [Kushner, Yin ’97] for a complete treatment on convergence analysis
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Tha
: 4- F-{NINI } e- G , Fk # {Hate'll } e- R , and step-sizes

{%}É , satisfy : soso.tk , ⇐ sñ=B< as , ?¥sr → • , then :

Hegg F- {t.in?)=t* and 1in Pr{ lfi.in. - 1-
*

I > e) =o , too .

↳ oo

Proof. Consider the conditional expected square Ididean
debt :

F-{11%+1-2*11514} = -11={11%-9.5%-3*1144}
.

= # { Her-2*114 SEMEN -2% Enter-at ) fer } .

- Har-set 114 sñE[hFñÑK→f -zsr-A-19-IHY-r-TE-r.at# us
.

F- { girder } = after ¥-1k)
Boy convexity : feet ) s-flzn-iEE-I-ca.it- 2k))

⇒ - ☒ {Enter }T car-1*1 £ - Hoard-f-* )

therefore : a) Eller_z*Ñ+sñE[ 115*114%1 - ask G-can - 1-* ) .

Note : Ipoh only dep . Ik and cord. ohdep . of Iki , - - -

, El

F- [Mary -⇐*IT / er? = F- [ Ikon -settler- - --41
Take expectation over joint distr. of {Kk , - - - , ki } . yields :

F- 111%+1-1*117 a- Effler-1*117 - ask.IE#-w-f*If+siTt-E11g-Teh7
Apply the process recursively . noting -1={115+115}--92 :

F-[11%+1 -* life ¥1m-* if - s-E.si#-nfEiL--t*)t5..?E,si*s-imE.rTt-4-m-iI
⇒ i.IE?zfEIfk-i--f*3s--GB-soask-soo.2&gsi$-os



Claim : The fn gey >
⇐ min {yi} in concave .v-yc-RKCHWI.i-li-r.be

Thus
, by Jensen 's ineq :

F-Hi?.tt --¥{¥Y⇒fxiif£mm¥{teen}. → 1-
*

-

É
ti-1.sk
Tengen

i.e
, convergence in 7¥ is done

. 17%



Convergence in Expectation and Probability (Convex)

Proof Sketch:

Key quantity: Expected squared Euclidean distance to the optimal set. Let
x⇤ be any minimzer of f . We can show that

E[kxk+1 � x⇤k22|xk]  kxk � x⇤k22 � 2sk(f(xk)� f
⇤) + s

2
kE[kg̃kk22|xk]

which can further lead to

min
i=1,...,k

n
E[f(xi)]� f

⇤
o
 R

2 +G
2ksk2

2
Pk

i=1 si

The result mini=1,...,k E[f(xi)] ! f
⇤ simply follows from the divergent

step-size series rule
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Convergence in Expectation and Probability (Convex)

Jensen’s inequality and concavity of minimum yields

E[f (k)
best] = E[ min

i=1,...,k
f(xi)]  min

i=1,...,k
E[f(xi)]

Therefore, E[f (k)
best] ! f

⇤ (convergence in expectation)

Convergence in expectation also implies convergence in probability: By
Markov’s inequality, for any ✏ > 0,

Pr{f (k)
best � f

⇤ � ✏} 
E[f (k)

best � f
⇤]

✏
,

i.e., RHS goes to 0, which proves convergence in probability.
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Convergence Rate (Convex)

Classical diminishing step-sizes sk = ↵/k for some ↵ > 0:P
k sk = O(log(t)) and

P
k s

2
k = O(1). So convergence rate is O(1/ log(t))

Diminishing step-sizes sk = ↵/
p
k for some ↵ > 0:

P
k sk = O(

p
t) andP

k s
2
k = O(log(t)). So convergence rate is O(log(t)/

p
t) = Õ(1/

p
t)

Constant step-sizes sk = ↵ for some ↵ > 0:
P

k sk = k↵ and
P

k s
2
k = k↵

2.
So convergence rate is O(1/t) +O(↵)
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rtlugineltnertlogcntl) const.8=0.57721 - - -
= 1+-1+-1+-1 -1 - - - - → *

t @
=L
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Convergence Rate (Strongly Convex)

Theorem 1 (Optimality Gap)

If f(·) is µ-strongly convex, then the SGD method with a constant step-size
sk = s < 2/µ satisfies:

E[kxk � x⇤k2]  (1� 2sµ)kkx0 � x⇤k2 + s�
2

2µ

Remark:

If �2 = 0 (GD), constant step-size s ) linear convergence to x⇤.

If �2
> 0, SGD with constant step-size s ) linear convergence to

s�2

2µ -neighborhood of x⇤
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proof :

strong convexity :

fly-72-fk-ltafk-icy-x-1-1-lly-n.li
foe) > fight a futile-f) + -11117- IIF

Add together ⇒ ( Ifaf) - atte)Icy-a) 2- µ Ily-211?

Recall : I [11%+1-2*1144]=111k-atli-si-t-l.tl 9-settler]

-2skI[fkIZkI(kk-Ñ)._
⇐ askME [11%-2*1144]

.

Taking full expectation : ⇐ or

F- 41%+1-2*117<-17-111%3*117 +sñEÉf-2%4-11=111%-1*114
= G-2sµ ) F- Iller-2*117 + SET CD

Applying 111 recursively from K-1 down to 1 , letting sk=s< F- , uh,

using the bounding of geometric series :

* [Hate-HIT] E 4- 2ps )k 11%-2*11 +¥ .

10 of Ñ=o . ,
linear convergence of GD ( to E) .

2° of Ñ> 0 ,
- - - - -- - of SGD to a ¥1 - neighborhood .



Convergence Rate (Nonconvex) – Finite Sum

Consider the following finite-sum minimization

min
x2Rd

f(x) = min
x2Rd

1

N

NX

i=1

fi(x)

where N is typically large, e.g., empirical risk minimization (ERM) in ML

Consider using SGD to solve this problem under the following assumptions:
I f(·) is nonconvex and bounded from below

I rf is di↵erentiable with L-Lipschitz continuous gradients (L-smooth)

I E[krfi(x)k2]  �2 for some �2 and all x (bounded gradient, can be relaxed)
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Convergence Rate (Nonconvex) – Finite Sum

Theorem 2 (Stationarity Gap)

If the finite-sum problem f(·) is nonconvex, di↵erentiable, and L-smooth, then
the SGD method with step-sizes {sk} satisfies

min
k=0,1,...,t�1

{krf(xk)k22}  f(x0)� f
⇤

Pt�1
k=0 sk

+
L�

2

2

Pt�1
k=0 s

2
kPt�1

k=0 sk

.

Remark:

If �2 = 0, then a constant step-size yields an O(1/t) rate.

Classical diminishing step-sizes sk = ↵/k for some ↵ > 0:P
k sk = O(log(t)) and

P
k s

2
k = O(1). So convergence rate is O(1/ log(t))

Diminishing step-sizes sk = ↵/
p
k for some ↵ > 0:

P
k sk = O(

p
t) andP

k s
2
k = O(log(t)). So convergence rate is O(log(t)/

p
t) = Õ(1/

p
t)

Constant step-sizes sk = ↵ for some ↵ > 0:
P

k sk = k↵ and
P

k s
2
k = k↵

2.
So convergence rate is O(1/t) +O(↵)
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F-

Proof : Randomly select in from { 1,2 .

- - in } .

¥k+1 = Ik - sik If :(Ik)
With Pr(ik=i)=-µ ( uniformly sample at random ) , then .

SG is unbiased estimation of grad .

F- [71%1%1]=97
,
prlir-itxfirekl-IE-hrtip.eu/--afM-k7 .

Recall the descent lemma :

tetra ) ⇐ fetk) -1 ☐fM-ÑCIk* , -In) + E- Heroin-1kV?
← a

plug in SGD iteration : Ike , - Ik= -

sk-xfikee-klfk-k-nls-fm-k-s.ie#K-k5i7finczn)--zsE11%4%111?

Now
,
take expectation w.r.t.ir assuming prCir=i ) -1W

.

F- Item > Is # (teen) - sixteenFat.gs#a)t-I-1Hf.zca-N1Ff--fEa)-sixtk-nF-t-fatigued -1# Elmira> 111
= fan- srttxtm-KIIF-E-F-f.lk/-irK-r1lFI
⇐ teen_¥¥É+-÷!-



As in GD
,
re- arrange

to get grad norm on LHS
:

srltxfk-klfsft-ftee-KI-EHM-b-uift-I-F.cl ) .

Sum at from 1 tot
,
and use iterative expectation to get :

t +

Ego, -1=1111+1-1%-1 > life -Él¥&fFmI-EH☒ÉHI+¥
,sn-i-I.tt#.....++-=--ii+eiesFU

⇒ mon -1=11114-1%1117 Éiosrs tea _¥¥y¥I¥ÉÉsñok=o , - -.tt

⇒ min ¥11k>teams _¥Ñ+EÉ¥¥÷ Ask=o , - -.tt IÉj$k



Convergence Rate (Nonconvex) - Finite Sum+Time Oracle

Theorem 3 ([Ghadimi & Lan ’13])

Suppose f(·) is L-smooth and has �-bounded gradients and it is known a priori
that the SGD algorithm will be executed for T iterations. Let sk = c/

p
T , where

c =

r
2(f(x0)� f⇤)

L�2
.

Then, the iterates of SGD satisfy

min
0tT�1

E[krf(xt)k2] 
r

2(f(x0)� f⇤)L

T
�.
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Proof .
We have shown :

mm -1=11114-1%1117 £ _É--I¥¥¥÷ a) .

k=o , - -.tt -¥É$k <

q=¥ ⇒ É%=T.¥=cFbio

Ésñ- T . -5 = i
k=0

a) ⇒ man *Uttam life IEEE -1¥ -¥k=oi-it

= -41 + -1¥ )
.

↳ .

Young 's key : abe-%ab-qiforl-pt-q-4.lprckar.ir as
"

a

"

&"b?

q=q=2) .

sabre atb .

. w/ equality holding for a=b .



Minimising const oh G) .

⇒ c=

The stated result immediately follows after plugging
C in G) .☒#
Recall WB :

✗of

¥(±% +_É).=€É
""

se
~ 01¥

FOOT ) .

as long as 2--0 (F)



Convergence Rate (Nonconvex) - General Expectation
Minimization with Batching

Consider the following general expectation minimization problem

f(x) = E⇠[f(x, ⇠)],

where ⇠ is a random vaiable with distribution D.

Consider using SGD to solve this problem under the following assumptions:
I f(·) is nonconvex and bounded from below

I rf is di↵erentiable with L-Lipschitz continuous gradients (L-smooth)

I E⇠[f(x, ⇠)] = rf(x) and E⇠[kf(x, ⇠)�rf(x)k22]  �2

A common approach in SGD: Rather than choosing one training sample
randomly at a time, use a larger random mini-batch of samples Bk, with
|Bk| = Bk. Then, gk = 1

Bk

PBk

i=1 rf(x, ⇠i). SGD becomes:

xk+1 = xk � skgk = xk � sk

Bk

BkX

i=1

rf(x, ⇠i),

where ⇠1, . . . , ⇠Bk are i.i.d. sampled from D
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Convergence Rate (Nonconvex) - General Expectation
Minimization with Batching
Theorem 4 (Stationarity Gap)

In the expectation minimization problem, supposed that f(·) is nonconvex,
di↵erentiable, and L-smooth. For any given ✏ > 0, then the SGD method with
mini-batch size Bk = B = max{1, 2�2

✏2 }, 8k, and step-sizes sk  1
2L , 8k, satisfies

E[krf(x̂t)k22] 
4L(f(x0)� f

⇤)

t
+

✏
2

2
, (1)

where x̂t is chosen uniformly at random from x0, . . . ,xt�1.Thus, Eq. (1) implies

that taking t = d 8L(f(x0)�f⇤)
✏2 e yields E[krf(x̂t)k22]  ✏

2.

Sample Complexity Bound:

t�1X

k=0

Bk =
2�2

✏2
t =

⇠
16L(f(x0)� f

⇤)�2

✏4

⇡
= O(✏�4)

Optimal up to constant factors (see [Arjevani et al. 2019] for lower bound)
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Proof : 0 WTS :
when Bk=B=ma×{1,2¥ } . ,

we have :

F- [ LIFE >→frill:/2) e- E- .

From def , fc-M-t-B-%7f-iot.si ) , where } , - - - is
,
are iii.d.

sampled from D .

Thus
:

F-
§
[fetish = Rfk) .

EIN FEI -4-1^-1114^-1=-1--1 [ftp.?E,-xfieeisi)-&tEiHYIf---.ETt-silkE-.E.-E-1*1=-5 ⇐ E-

for B=max{ 1.¥-1 .

②
. Consider descent lemma :

fetters ) £ flare) -1 f-EÑKk+ , -1k) 1-E- 11%+1 -2kW? Ch
.



Use Trenched -Young 's Ineq :-.

atb- = -1*1145+-511 b- IT

let ✗ be some real topo . space , and ✗
*
be its dual space .

c. , . > = ✗
*
✗ ✗ → R .

Convex conjugate : for a fn : ✗→ IR.UE-oo.to } .

n
its convex conjugate

is the for : f-
*
: ✗
*
→ IRU {→ , too } , where value at ☒ c- ✗

*

is defined as :

f*q* , ± sup Keita> - fie) : ⇐ Ex } .

(or ft# I ± - only {fca ) - Cutie > : a-EX}
.

⇒ I c- ✗ , p E ✗
*

, cp , I > ⇐ f-(E)+ g-
*

cp ) .

let g-e) = 11.1k , 1-
*

c.) = ITIL
→
adder subtract

cÑ⇒ flew ,) E fan + g-I ftp.ei-ZH-CTY-td-kl-9-k/Ttoe-kEk-k)--ztk-k-iM-KIT
by French

-Young with

a--¥ few - sell g-Hi -srlty-a-n-g-rli-id-q-E-JIH-k-y-x-r.lt?--fix-n-qfI-H4-¥711184T-1%11*1%1- gift . 14

since she ¥
.

⇒ Lqs I.⇒ 1¥ £-4 ⇒ ¥ +¥ s -1
.

⇒ - Ha + -4 ) > -t ⇒-4-8+-4DIE



Thus
, 14 ⇒ fkie-D-fk-w-s-llg-klt-srltxfk-w-g-a.lt? (3)

.

③ : Take cord
. expectation on both sides ;

F- [1-1%+1114]<-1-1%1 - E- ¥111 g-alt / Fe) + sk-kfllg-k-af.caa) IT /%)
adder subtract

4%-1 .

uangunbrasednessojgie.tk"
-¥ [1181%1114711119*-741%11174]

+ so E- [Ufo -4-1%1117%1
141

.
= fan_¥¥t¥Y¥l"÷¥:¥¥÷¥- mating .

Take full expectation on both sides
. choosing s*= -1L ,

and

summing (4) for 6--0 , - - - it-1
, ,
we have :

É¥ Hafen life -¥Él-1--144%11--11=4-1%+117) +÷ .

= ¥ [flea - fit ) + E- .

Finally , choose output I uniformly at random from {a-o
- - -at-i} .

we have the stated result
. T



Mini-Batching SGD as Gradient Descent with Error

SGD with mini-batcch:

xk+1 = xk � sk

Bk

BkX

i=1

rf(x, ⇠i)

This can be viewed as a “gradient descent with error”

xk+1 = xk � sk(rf(xk) + ek)

, where ek is the di↵erence between approximation and true gradient

By setting sk = 1/L, it follows from descent lemma that

f(xk+1)  f(xk)�
1

2L
krf(xk)k

| {z }
good

+
1

2L
kekk2

| {z }
bad
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Mini-Batching SGD as Gradient Descent with Error

SGD progress bound with sk = 1/L and error is:

f(xk+1)  f(xk)�
1

2L
krf(xk)k

| {z }
good

+
1

2L
kekk2

| {z }
bad

Relationship between “error-free” rate and “with error” rate:
I If “error-free” rate is O(1/k), you maintain this rate if kekk2 = O(1/k)
I If “error-free” rate is O(⇢k), you maintain this rate if kekk2 = O(⇢k)
I If error goes to zero more slowly, error vanishing rate is the “bottleneck”

So, need to know how batch-size Bk a↵ects kekk2
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Mini-Batching SGD as Gradient Descent with Error

Sample with replacement:

E[kekk2] =
1

Bk
�
2
,

where �
2 is the variance of the stochastic gradient norm (i.e., doubling the

batch-size cuts the error in half)

Sample without replacement (from a dataset of size N):

E[kekk2] =
N �Bk

N � 1

1

Bk
�
2
,

i.e., driving error to zero as batch size approaches N

Growing batch-size:
I For O(⇢k) linear convergence: need Bk+1 = Bk/⇢

I For O(1/k) sublinear convergence: need Bk+1 = Bk + const.
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Mini-Batching SGD as Gradient Descent with Error

SGD with mini-batcch:

xk+1 = xk � sk

Bk

BkX

i=1

rf(x, ⇠i)

For a fixed Bk: sublinear convergence rate
I Fixed step-size: sublinear convergence to an error ball around a stationary

point
I Diminishing step-size: sublienar convergence to a stationary point

Can grow Bk to achieve faster rate:
I Early iterations: cheap SG iterations
I Later iterations: Use larger batch-sizes (no need to play with step-sizes)
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Next Class

Variance-Reduced First-Order Methods
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