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1. Basic Analysis :

A. i? Norm : A for g- : R
"
→ IR is called norm if :

☒ cmon-neg. ) : fee> 20 , I EIR
"

, ftd ) -0 iff 1=0 .

I [ homogeneity) : fltE) I ltlfoe ) , V-zc-IRN.tt/R .

* (triangle cneqc) : fee-141 Efta>+ fcy) , it a. g- C- Rn .

If foe, is a norm , we denote it as 11211 .

I Norm 11£11 's meaning :

* 11111 : length of a
☒ He-gil : dist . btwn I and g- .

3° . Unit Ball : set of vectors with 11211--1 .

* - {zeki : 11111£ I } .

Ex : * Iz- norm ( Euclidean norm ) : 112112=0 CEE)£=(xi+ - -
- tan 5£

.

* 4- norm ( sum- ahs - rat ) : 1121.1
,
I fail + last + - - + Kent .

* too - norm ( Chebyshev ) : 11211 Imax { tail , -
- -
"

Kent }
.

1¥ lap - norm Cp > 1) : HEY ± ( kelp-1 - --+ fan /PIT

11111m = link-Up
p→

proof : ltatlp = limit - - - + Knp)&=(÷¥•+ - .
-+ 1÷÷p-)¥ 11*11•

£ (It - - + 1)& Hello = ÑP . Hellos
.

→ 11=11 , as p→ oo
.

Let it ⇐ argmax {Kilifi } .

11¥11p=( Rift - - - + Knp)&¥ Cfd :*-1T¥ = 1k¥ / - 11211m
.

Note nite → 1 as p → • . An



②
4° Equivalence of Norms :

suppose 11 - Ha and 11 -1lb are norms of R
"

.
Then I ✗ ipso

sit. VEER
"

,
✗ 11111 as 1141b£ BUENA .

Ex : 1111k£ 11111 , Ern 112th .

11111• £ 1111k£ rn 11211m

Hello £11211 , Entptllao .

2. Convergent sequences and Limits
:

1° Def ( convergence ) : A seq of vectors ki - - - an- - - - are said to

be convergent to a limit pt . I if Eso
,
7- Ne c- IN

sit
. Hey- Ell - E , 4k£ Ne . ( {x-p} → I ask → oo , links

-E)
.

k→oo

i. Def ( Cauchy seq .) : A seq . {1k}
is Cauchy if

HE> 0
,
I N c- IN sit

. 111m - Ent - E , A min > At .

Ibm : A seq . in R
"

has a limit off it's Cauchy .

F-✗ :(p
- series ) . an- tnp .

show { bn} ⇐ { ⇐ ate } has a limit

for p=2 .
but doesn't

converge for p⇒ .

Proof : W - 1. •g. , let m , n c- IN and man .

For p⇒ . bn-bm=É¥ -É¥=É¥ ← É -1k¥
KEM-11 k=Mt1

=-3 1£, -E) =-1m-¥-1 _ñX-¥-1 - - ¥-1m
F-mtl

= -1m - -1ns -1m < e , if on is salt . large .
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For p-t.bn-bm-IE-L-E-L-E.mu -1k - ¥-1 - - - +LI
⇐% = 1- 1- .

¥
"

coriander
any a> o . no matter how large m is . can •hoose

n=f¥ ) , so that bn- bm >_ e. ☒

3°
. Supremum . of S .

( least UB ) : smallest possible ✗ .

satisfying ✗ ER , sees
.

1-± . :-.

4° Infimum of S ( largest CB .
) : largest - - - - -

"

÷÷÷ :*-mm :O .

-hm (Bolzano - Weierstrass ) : Every bonded seq . in R
"

has a

convergent snbseq .

Proof -1° 1 . Every inf . seq . {seen} in IR
'
has mono . snbseq .

←ÉiE¥→
t.EE#i*-.i-i-----
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2. MIT : if { an} is mono seq - reals , then {an } has

a limit off {
an} is bonded

.

z. R
"
: Extract subseq .

each dim . sequentially . ☒.

I

I. f*-ÉF←¥ 1*4 . -
-
-
* An

ao co too 4 G b ,
annbn

In

3° Maximum , Minimum . ( achievable ) .

4° lineup . timing :

* The limit supremum limsnpnik .

is infimum of allqc-IR.biz
for which aUbutapnrte#of_ elements in far}
exceed

qli-mapzn-linfnpaenm3.non→o0 m>n

•

☒ --
- limit infimum - -HIFK - •

supremum
- - -

- -

--

q . brainpan = 1mi { inform } .

Maas n→•
men

* limeys and lmrirf always exist
.

{an} converge ifflinamprn-lmiy-sen.nun→oo



⑤
3. Functions -.

icont.fm#Afnf:s-R is cont. at EES if HE-0 ,
7- 8 so ,

sit
. IES with 11k-III. < or → Ifcz)- f- (E) / < E.

write : FCI) → f- (E) , as a-→E.

Faet Comt
. f-n achieves both maximum & minimum

over a non- empty⇒ set
.

closed & bonded
.

!2? Diff ' ble for :
in s nomn-empty set on R"

,
a-Ects . .

and f :S→ PR
.

f- is diff
-ble at E if 7- a

vector [called gradient ) .

☒g-(E) I 1%1%-1 -
- - - ¥-17T.at ñ and g-n pas ,ñ)→o .

as I→ E ,
such that :

f-E) = f-E) 1- f-CET ce
-E) + HI-Ell pot .E) , it a- C- S

FF
'

TEE
'

or . f is called twice drffibk at E if , in addition to grad,
7- symmetric matrix LIFE ) (called Hessian matrix ) off at

E ,
and p II. E) → 0 as z → E , such that

:

feel--ÉÉñ_FEEH←EÑpk→⇒_
so- approx 01112-51117 .

a.⇒
± [¥;¥-

'
- -

-

¥¥ñ| c- pini i.

÷¥÷ -
-
- ¥¥

.
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3° A vector- valued fn f is dilfibk of each component
is diff . ble .

ltwr.ee)

(twice) .

A dilfibk vector-valued fnhi.IR
"

→ R
"

,
the Jacobian

,

demoted by a theft , is given by the nxm matrix
.

ICZ) =
* type, = [

41151

i
Iahno.si/nxm

.

4° (MUT ) : S non- empty open convex set in IR
"

,
let

f :S → IR be dtfyibk . For every Eli Is
Es

,
we have :

flew = g- ED 1- 9fÑ(Iz→e, ) , where zt-dzi-C.tk)kz

for some ✗ c- Co , 1) .

5° TaylorisThm:_ S non-empty . open . convex set on RR
"
.

f- :S → IR , twice doffible . For every s-4.IE
C- S
,
We have :

ftkz-ftd-n-7flIICE-ID-IM-v-KD-kt.EE) (22-14) , where MICE)
is Hessian at a-

,

and z=dI, +A-d) Ka ; for some Atco , 1) .

L$nearAlgebra_ .

.

1. linear ondep . : z ,
- - - Ik c- IR

"
are 1in . ondep . if

Édizi=g ⇒ di=o , ti -4 , - - . k .

i-4



⑦
2. linear comb . : g-c- IR

"

is a Cin . comb . of Ii .
- -

-

, Kk C-BY if
k

g- = ¥,Niki for some A- - .dk .

k

* ¥, hi =\
: if is an aµne_wmb= of Ii - - . Kk .

* Ki =\ , di 30 , Fi : y is a conNexomb_ of Ki . - - > eye
.

b--4

The honea,r , affine , convex hull of SEIR
"

are
, resp . ,

the

set of all din
. , affine , convex comb . of pts . in 8 .

3.
. Spanning vectors : I ,

-
-
- Ip c- IR

"

,
Kzn

,
sard to be

spanning
IRN if any vector in IR

"

can be represented as 1in
. comb.

of II. - - - > Kk
.

comb.

The core spanned by K ,
- - 2k is the set of non-neg. t.IT

¥7s
4. Bag : A set of Ii - -- Ak c- IR

"

spans IR
"

and of the deletion of any of z , - - - ask prevents remaining
vectors from spanning pi . ( Basis I , - - -1k spans R

"

if k=n ) .

5
. Cauchy - Schwartz tneq :* 182,4%1--111-71<-117112-11411

, ,

with equality achieved if I , g- are tan dep .

( unsigned) angle btwn I. y EIR
"

.

life , g) ± cost ,¥¥yy⇒ .

c- V.Et

ce > y are orthogonal , a- 1- if , if <a- if > = 0 )
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6
. Young 's Ineq : a> o , b > o , and any p.qsos.t.pt/-q--1 .
we have abs %-1¥ .

with
eg .
achieved off aP=b9 .

( special case , p=q= 2) .

7. ltolderistneq-foranyp.am of vectors I
and if C- É

"

,
and

for any pig satisfying Ip-14=1 , we have :

¥
,
Kiril £ lttllp - HYHq .

( special case : p=q=z , p=l , f- as ) .

8. Otho gonal matrix :
C- IRM" : E- In or QQ.it = Em .

If E is square = 0=-1 = IT .

9. Rank of matrix : For A- c- Pim
"

.

monk (E) -1 max * of
1in

. indep . rows ( or eqnilantly.co Is ) of A-
.

If rank (E) - min {min} , A- is full row/ cot rank .

10 . F- iguemvalnes and eigenvectors : C- IRMM
. If ✗ and 2+-1

satisfy AiE=XI then d. and I are eigenvalue . & eigenvector .
* d can be computed by solving diet ( - iz ) ⇒ (

characteristic
)
.eqn .

* A. is symmetric ⇒ n ( possibly non- obstruct ) real eigenvalues .

* Eigenvectors assoc . with distinct eigenvalues are orthogonal..
* Given some symmetric ⇒ can construct an orthogonal
basis D= c- 1Rn×r←

rank
.

•
where each cot in B- is an eigenvector

of 1¥
.
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* Normative § to have unit ↳ norm , st . BEBE = 1- CBI__ E-1).
Then

, Pz is called orthonormal matrix
.

*
.
Let v4 . - - An be real eigenvalues of symmetric AE

Let A-= [
"
'

-

.

.

.mn/.A=B=--B--Aa--E--i;f-ti:.----iitE-...i
É=⇒É

"

A- = B. A. BE = ¥
,
di Kiki

11 . Singular - Value Decamp . (SVD) .
Let A= c- IRM

"

.

Then A- - it ? It .
Where U=ElRm×m orthonormal

,

if c- IRAN orthonormal
.
and E- c- IRM

"

, (E) ij
= 0 for i=j .

(E) • i 70 . £1B

* Cols of U= . Normalized eigenvectors of EAT
* cols of ¥ :

- -
- of A¥A=

* (E) ii : Abs square
root of eigenvalues of A¥A= of men

or A- Et of mzn .
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12 . Definite & semidefinite Matinees : c- IRM
"

symmetric .

PD ÉA=Z > o . V-I-to.IE/R
"

PSD
'

,
30i-vzc-IRHA.isof

ND 1 < 0 , V-ze-to.IE Rn

Nsp ! £0
. HIER"

.

A- is indef. if neither psp nor NS.D .

PD pos .

A- is PSD if eigenvalues are non-neg -

, resp .

ND neg .

NSD non-pros .

13 . If A- is Psb , At is the smatrix satisfying
AF - A=±=¥

,

and A=±=EA¥É
'

1*0.0*7


