ECE 8101: Nonconvex Optimization
for Machine Learning

Lecture Note 2-6: Adaptive First-Order Methods

Jia (Kevin) Liu

Associate Professor
Department of Electrical and Computer Engineering
The Ohio State University, Columbus, OH, USA

Autumn 2024

JKL (ECE@OSU) ECE 8101: Lecture 2-6



Outline

In this lecture:
o Key Idea of First-Order Methods with Adaptive Learning Rates
o AdaGrad, RMSProp, Adam, and AMSGrad

@ Convergence Results
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Motivation

@ Recall that SGD has two hyPer—parameter “control knobs" for convergence
performance
> Step-size
» Batch-size

@ A significant issue in SGD and variance-reduced versions: Tuning parameters

» Time-consuming, particularly for training deep neural networks
» Thus, adaptive first-order methods have received a lot of attention

B:level 0(€~

@ The most popular ones that spawn many variants:

» AdaGrad: [Duchi et al. JMLR'11]

» RMSProp: [Hinton, '12]

» Adam: [Kingma & Ba, ICLR'15] (AMSGrad [Reddi et al. ICLR'18])

> All of these methods still depend on some hyper-parameters, but they are
more robust than other variants of SGD or variance-reduced methods

» One can find PyTorch implementations of these popular adaptive first-order
meth methods
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AdaGrad

@ AdaGrad stands for “adaptive gradient.” It is the first algorithm aiming to
remove the need for turning the step-size in SGD:

Xp+1 = X — ST+ Diag{Gk})_%gk,

where G, = Zle g:g/ , s is an initial learning rate, and § > 0 is a small
value to prevent from the division by zero (typically on the order of 10~%)

e Entry-wise version: (ag,; denotes the i-th entry of a;)

Sk

Xk41,0 = Xk — —7=—5=—8k,i>
O+ G w*d"O-T as |,.T

>
Where|Gkn‘ = Zf:l(g.k,i)2] Typically, s; = s, Vk. & 34 ::?u'“:) ‘s‘ ’I‘:L
s

@ AdaGrad can be viewed as a special case of SGD with an adaptively scaled
step-size (learning rate) for each dimension (feature).

JKL (ECE@OSU) ECE 8101: Lecture 2-6



RMSProp

@ A major limitation cuC‘AdaGrad:

> Step-sizes could\ﬁapidly diminishing (particularly in dense settings), may get
stuck in saddle points in nonconvex optimization

@ RMSProp (root mean squared propagation)
> First appeared in Hinton’s Lecture 6 notes of the online course “Neural
Networks for Machine Learning.”
» Motivated by RProp [Igel & Hiisken, NC'00] (resolving the issue that gradients
may vary widely in magnitudes, only using the sign of the gradient)
> Unpublished (and being famous because of this! @)
> ldea: Keep an exponential moving average of squared gradient of each weight

Elgi 1] = ﬂE[gIz,i] (1= B)(Vif(xx))?, eé (el)
5—"“1% Xk ).
G+ Blez, )t

@ RMSProp vs. AdaGrad wa\‘w)\a) s5.

» AdaGrad: Keep a running sum of squared gradients &~
. . . Const
» RMSProp: Keep an exponential moving average of squared gradients€— s

Xk+1,i = Xki —
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Adam

@ Stands for adaptive momentum estimation

@ Motivated by RMSProp, also aims to address the limitation of AdaGrad
e Algorithm: (gr = Vf(xx)) 18 — mowsdwm

L‘{@ ) my; = Bimy_1; + (1 — f1)8k, mg ; 1= (51)’“
~ Vi,i
Vi = Bavi—1,: + (1 — B2)(gr.i)?, Vii= T—>3,
2 1 ( 2)( ) 1_ (,82)2
o rhk i) 1=1, 7d

Xpt1,i = Xk — =Mk
Vi +0

@ Parameters:

» 1 €[0,1): momentum parameter (81 = 0.9 by default, 31 = 0 = RMSProp)
» 2 € (0,1): exponential average parameter (82 = 0.999 in the original paper)

@ A flaw in convergence proof spotted by [Reddi et al. ICLR'18], leading to...
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AMSGrad

@ To see the flaw of Adam (and RMSProp), consider a more generic view of
adaptive methods: In each iteration k :

gr = V fr(xk)
my, = ¢p(g1,..,8k), and Vi = (g1, ..., 8k)

nﬂ =X} — skV mW

Sk = S, ¢k(g17"'agk):gk7 wk(glvagk)zl
» AdaGrad: Hedumeed -

» SGD:

k

}
sk=15, k(g1 8) =8k and Yr(g1, ..., k) = Diag(d_ gr o gr)/k

t=1

» Adam (81 = 0 reduces to RMSProp):
k
sk=1/Vk,  ¢r=(1-p1) thl B g,
k _
Yr(g,---.gk) = (1= B2)Diag(d B2 'geogr).
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AMSGrad

o A key quanti{y of interest in adaptive methods:

1 1
2 2
Vk+1 _ Vk

Sk+1 Sk

Tiy1 =

Measure the change in the inverse of learning rate w.r.t. time
Require T'y, = 0, Vk, to ensure “non-increasing” learning rates
This is true for SGD and AdaGrad following their definitions

However, this is not necessarily true for Adam and RMSProp

v Yy VvVYy

@ In [Reddi et al. ICLR'18], it was shown that for any 1, 32 € [0, 1) such that
B1 < v/P2, 3 a stochastic convex optimization problem for which Adam does
not converge to the optimal solution

@ Implying that Adam needs dimension-dependent 3; and (2, which defeats
the purpose of adaptive methods due to extensive parameter tuning!
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AMSGrad

@ Idea: Use a smaller learning rate and incorporate the intuition of slowly
decaying the effect of past gradient as long as [';, is positive semidefinite

@ The algorithm: In iteration k:

gr = V [x(xk)

my, = B1pmy—1 + (1 — B1x)8ks

Vi = fovik—1 + (1 — B2)8k © 8k,

Vi = max(Vj_1,vy), and V}, = Diag(vy)
A 1

Xk4+1 = Xk — ska 2mk

@ Maintain the maximum of all v until the present iteration and use the
maximum to ensure non-increasing learning rate (i.e., Ty = 0, Vk)
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Convergence of Adaptive First-Order Methods

@ While faster convergence of adaptive methods over SGD has been widely
observed, their best-known convergence rate bounds so far are the same (or
even worse) than those of SGD

o We adopt the proof in [Défossez et al. '20] due to generality and simplicity

@ A unified formulation used in [Défossez et al. '20] for AdaGrad and Adam
(0<ﬁ2§1and0§61<ﬁ2):

my,; = fimy_1,; + Vifru(xXp—1),

(st \’?n  Mom Vi = Bavi—vi + (Vife(xk-1))%,
A w“‘*w .Sl"ur\xk‘zxk—l‘_ skt
[":-3"' id o-ﬂ v ’ ’ 5+V}H
b/e Q‘ao Drvr I-P; Vii

» AdaGrad: 51 =0, 82=1, and s = s

= |- h M .
» Adam: Take s = s(1 — ﬂ1)\/% : Z:I P‘ ,@umk ‘“—P? f ss,
—_— ) Corredia !

4,bmrtmmﬂttw-m l?,
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Convergence of Adaptive First-Order Methods

o Consider a general expectation optimization problem

min F(x) = min E[f(x)]

o Notation: For a given time horizon T' € N, let 7 be a random index with
value in {0,...,7 — 1} so that Pr[rp = j] oc 1 — 5] 7
» 1 = 0: Sampling 71 uniformly in {0,...,T — 1} (note: no momentum)
» (1 > 0: The fast few —L— iterations are sampled relatively rarely and older

1-p1
iterations are sampled approximately uniformly

@ Assumptions:
» Fis bounded from below: F(x) > F*, x € R?
» { norm of stochastic gradients is uniformly bounded almost surely: Je > 0
st. [|[Vf(x)],, < R—+eas.
» L-smoothness: ||[VF(x) — F(y)|l, < L||x — y|l,, ¥x,y € R?
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Convergence of Adaptive First-Order Metslods

/

Adam
Theorem 1 (Adacrad w/o Momentum)

Let the iterates {x;} be generated with 5 =1, sy, = s >0, and 3
for any T € N, we have: _ O(F)
E[|VF(x.,)|%] < 2R—=2_— Fixo) - F* L (4dR? + sdRL) In (
T T

1 :kg Then
s

€

Theorem 2 (Adam w/o Momentum (RMSProp))

Let the iterates {xy} be generated with 5 € (0,1), \/ w:th 5>0,

and 31 = 0. Then for any T € N, we ha é’
s

) F(xo) — B 1 R
E[IVF(xrr) | < 2R——F7—+C (T n (1 + m)

= A 4dR sdRL

where constant T + 1= 15,

- ln(52)> ;

C~—
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Adam z Roaci—
Theorem 1 (Adacrad w/o Momentum)

Let the iterates {x\} be generated with 2 =1, s = s >0, and /3, :(’(L. Then
for any T € N, we have: 40&)‘ &

= 2

2
ElIVF(err)|7) < 2202 —

Theorem 2 (Adam w/o Momentum (RMSProp))

k

Let the iterates {x).} be generated with 35 € (0,1), sp = s i%‘;i— with s > 0,
and 31 = 0. Then for any T' € N, we haye:
/O&)*

— F* 2
BV EGf =2l = o (e ) = n(5s)).
sT ai (1 - ,‘32)6 C
4dR? “* i

where constant C' = T+ gdBL

1-82 °

P"’"’T i‘hfl_-_ Fstablivh Carrdw‘ﬂrn M k’h\)n Aolr"Na p(ﬂ"
and  frue 7mi dr , sh. enswe ermgh olescant.
g{nf 21 stort sme “dosert (!, > bad Im—-h‘v

dosond ‘ﬂ'a.l,a%oﬁﬂ-) S bad 7T

Lemma. (Mkrh‘w, Urue. 3 aﬂm»; "gljc.gin;;;f 007)’

Fr k eN et iefd)” ,w;’h.wﬂ.z .
| CZta e o (R G )
Eq [V.T (Z4) XN l 2 === RE, S,

z M

w‘bﬂ‘l C = f" 2"4'; +(V.‘ Tk[!y/i))".
Tl Ze)N

B ™ Ry 1 7 TS
Vii = EH [‘A‘,a] =h Y0t E"" Evif"(lw))v].
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Theorem 3 (AdaGrad(w//Momentum)

Let the iterates {x)} be generated with 2 =1, s, = s >0, and 3, € (0,1).
Then for any T € N such that T > Bi_ we have:

Convergence of Ad@tive First-Order Methods
/

1-517
= 1)§
F — F* T TR?
E[|VF(x.,)|%] < QR\/T% I gC’ln (1—|— f >
s

where T =T — 15}31 and C = sdRL + —Iffgf + —2sid_L;161 .

Theorem 4 (Adam w/ Momentum)

Let {x1} be generated with 35 € (0,1), 81 € [0, 32), and s, = s(1 — p1) %
with s > 0. Then for any T € N such that T > 21—, we have: «

20e0) e <
Zz N
E[[VE ()| < 28200 =F Lo (L (14 i /—\ﬁ(;\)
L sT T (1—Bs)e 2 )0
—_— T
H_m_ B _ _sdRL(1-p1) 12dR?\/T=PB1 2s2dL? B,
where T =T = 1=y and O = (T8 gy T G-B)9/ it T G-BD(—pa)"
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Theoretical Understanding of Adaptive Methods

@ Pros:

> [Zhang et al. NeurlPS'20]: Adam performs better than SGD when stochastic
gradients are heavy-tailed since Adam does an “adaptive gradient clipping”

> [Zhang et al. NeurlPS'20]: Also shows that SGD can fail to converge under
heavy-tailed situations, while clipped-SGD can.

» [Goodfellow & Bengio, '16]: Clipped-SGD works better than SGD in vicinity of
extremely steep cliffs

> [Zhang et al. ICML'20]: Clipped-GD converges without L-smoothness (with
rate e 2 while GD may converge arbitrarily slower

e Cons:

> [Wilson et al. NeurlPS'17]: While converging faster in general, adaptive
first-order methods does not have good test error and generalization
performances in the over-parameterized regime. Adaptive methods often
generalize significantly worse than SGD. So one may need to reconsider the
use of adaptive methods to train deep neural networks
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Limitations of Adaptive Methods

@ [Wilson et al. NeurlPS'17]: VGG+BN+Dropout network for CIFAR-10

[— SGD — HB — AdaGrad

(a) CIFAR-10 (Train)
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— RMSProp — Adam  — Adam (Default) |
20 20
18
215
& ° 16 AdaGrad: 11.34+0.46
e 5 Adam\(Default): 12.0240.16
Y0 £ 14 Adanm, 9.7840.25
g w
€ 712
g s "10 RMSProp: 9.60+0.1
HB: 7.7440.25
5 8 sGp:7.65:0.14
0 50 100 150 200 250 0 50 100 150 200 250
Epoch

Epoch
(b) CIFAR-10 (Test)



Next Class

Federated and Decentralized Optimization
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