
~th Background Review

&Analysis :

A . Norm : A to f : /"- R .

is called norm of:
* (non-neg) : f(E)30 ,

VIER"
, fal = O of =e

* chomogenity) : f(tel = ItIfE) , AEIR"
,
tEIR

.

* striangle ineg .) = flety) = f) + f(q) , #E , Y EIR

If fe) is a moro , denote if as Hell.

2 . Norm Hell's meaning :

- H : length of E

* 11-yl) : dist . btwn ey

3 . Unit ball :Set of rectors with 118121 .
B = SEER" : ME 17

Ex :* 12- norm (Euclidean Norm) :1 CITE = pet--- +2).
,

* ↳-norm (arm-abs-val . ) : 111, /, /--- - + kenl (Manhatana

* la-norm : (Chebyshev) : Hello maxSpl --- , Kenl].

* (p-norm : Kllp= (1410+ --- +1/* Q : /la hollis

Proof . Nlp=-- +/p =(

Let iteargmaxl]
= (1+ - -- +Hell = Fello .

↓

3 (0 = Mix) = 11 Ella

Let ip-co, .
-1 (squeez thm)

⑰



Equivalence of Norm :

suppose Villa and1llb are norms on R"
,

than Ex . B > 0

sit
.

VER" , Nella : Hello = Bella.

EX : Hell Hell ,
=Mell.

lls = Hellen Hello
↑

111o : Hell, 11.

4. Convergen Sequence & Limits
1 Def Convergence) : A seg of

vectors 2 , 2 --

are
said to

-

be convergent to a limit pt . E, if #ETO · E NEI

sit
.
1E-VE , FRING (ER7 + I as kee

,Lim=
20 Dot Kauchy Seg) : A seg . GERY is Cauchy if
VEso .

ENEIN , st . Nem-EnI , fm , n >N

Thi : A seg , in IR" has a limit If it's canchy.

EX : (p-series) : an= tp .
Show Ebu = Ban] has a limit forpet

Also , Ebnh doesn't
converge for p= 1.

Proof . W . 100 .
g let m . nEN and man.

1 . p=2 : bu-bm=
-)=-+ ~ - * =t

<#< I can always find suff large
most.

hu-bunE



hamonic series

t
2. bu-bm=
-

E For any 230 , for any m (no matter how large mis).

can choose n > [] , Sit 1bn-bm/ > 5.

5. Supremum :of (least UB) .: Smallest possible 2 :L ,
FtS.

#It , faso

Infirmof S . Clargest (B) : largest possible value <Ex ,fres.
h

T-
6 . Maximum , Minimum: (achievable).

* The limit supremum Limaupely is the intimum of all
ke es

GER for which all but a finite of elements in Sikh.
-

↑

exceed 9 : limsup Unlim [speis
lat d

>
m



* The limit infirm Limit Up is the supremum of
all ga

for which all but a finite of elements in surly less

than 9 . Liming En= Im SinAnAsneo

- homsup & Lung ways exist.

* Sony converge of Comsupin
= Lingn is

3. Functions-

↑Letfor : A trf : SeR is cont
.
a ets if Jaso , Easo,

st . ALES ,
with -E -> /R-fE/E .

write : f) -fE) , as +E.

E cont . fu achieves both maximum & minimum
. over

a nonempty compact set. jFed& bounded
.

2. Diffble for ⑧
as s non-empty set in IR" , see int . S

..

Given + : S-R.

f is diffble at 2 if I a
rector (called gradient (

f- and
&E, ) to as +

,
sat.

fel=fe)"(-) + B,) , veS.

Fo-approx . (linear approx) o(l-E11) .



1 f is called fre difible at Is if , in addition to grad,
E a symmetric uxumatrix #) (called Hessian matix).

of f at it , and B(E) -o as -ze
,
Sit

+= ) +PET (2-) +-EREBEE
so-approx

o (112-EIR)(
fl
24, 8anTheE.-

i
2)I--

3 A vector-valued fr f is diffble if each component
(twice (

is disible
(frice)

. 1

A difible rector-valued In : h:
*-I

,
The Jocobian

JEE) =*he) is a nxm metrix :

-h,T Hessian is a special
I() Th()

= I " Im case of Jacobian.

-haT Fi
,

↑ CMVT) : S morrempty open
nex set in R" . let f : S-R

be difible. For every 2,-S ,
we have

++2) = fel) + P T(2-1) , where &= ↑M+CX12
&

for some X-E 10 . 1).



5 Taylor's the : S non-empty , open , convex in 12·

+:5 - 1
,

twice diffble. For every sh ,
MrES

,
we have :

f(z) =fil) +DETGE2-th) +[C2-ETEL) E-tl)
-

Hessian
-

arAlgebra :

1 . linear , indep : 211----*REIR" are lin . indep . of
k

[tiki = 0 - Xi=0
,
Vil , --- , k .

i=

2
.
Gear comb : YER" is (in. comb of --EMER ofR

1= Edit: for some No--TER.
k

*IN=1 : / is an one comb. of E---k.
El

* Xi =1 , Xibo, i : ↑ is a ex comb . of 2 -- Ex
El

The linear , affine , convex hulls of S&R" are , respe , the sets

of all lin
, aftine , convex comb of pts, in S,

3 . Spanning Vectors . E. - PEIR" :
kn

.
are said to be

spanning if any rector in R can be represented
as a lin. comb of ---1.

↑
-

The come spanned mp -- , k is set of non-neg .
lin

.

comb.



4 . Basis: Animal set of 2.-- ,Upt spans
M"

: if
the deletion of any of --- , En prevents remaining
rectors from spanning &" . (Bans E.. - Up Spans IR"of k=n).

5. Cauchy-Schwartz . Leg : K ,/ = 1y1 < I-ly12 .

-

consigned angle btwn 1, ER".
T with eq- achieved

offE , o are
In dep.

<( , 7) * cost) -> Co ,I

Cos . Sim.

sand I are sthogonal ,
i. e
, y if Ley) = 0. conjugate

L

Eony'sEng : For aso ,bo ,

and
any p , g20 st .t+t = /

we have ab with
eg

achieved off at 62.
g

(special cases: p=g=z , plorg) = 1 , glopi= ).

&older's Enege For any pair of rec . & , -IR" , and for p , g It.

#+ + = 1 ,
we have : Digit Ip

- /lg
El

YI, CHolder's Cauch-Schwat)

6
: Othogonal matrix: IRM* = En or Q =Em

.

(m&ni (n3m)

If Q is square : EQT



7. Rank of matrix : For AtIM" rank (A) = max
#of

(in . indep , rows for equitantly , cols) of A.

If rank (A)
= mingmin). · A is full row/col rank.

8.Eigenvalues and Eigenvectors : At M . If X and +0.

satisfy : Al = XI , then X, are eigenvalues & eignoretor.
*x can be computed by solving def(A-XE) =0.

* A is symmetric . -N(possibly non-distinct)d eigenvalues.
multiplicity.

* Eigenrectors assoc ,
with district egenvalues are othogonal.

* .
Given symmetic # can construct basis e RM

.

where each col in $ is an eigenvector of A
* Normalize to have unit -norm : sit.B = (= ).

Then B is called othnormal matrix·

Eigen-decomp : A = BABT

9. Singular-value · Recomp . (SVB) :

Let AERM" .
Then A-UEV ,

where UERM othonormal,

U -
**

othonormal
, EERMYY (Elij = 0 , forvity.

(E) is 30.
=

-



* Cols of E : Normalized egenvectors of
* -- -- - AA

* (2)ii : Abs
. square root of eigenvalues of At of men,I

or #E if my n.

12 Definite & Semidetonite Matrices : AtIR
**"

symmetric.
PP 0 Veto , &EIR"

A is psD . if 201XER
I ND. i - O Veto , a EIR"

NSD . 20 V .En

A is indef of neither PSD nor NSD.

PD pos.

A is PSD of eigenvalues are nonneg
&

-

ND neg
NSp non-pos

If A is PSP: , then At is the matrix satisfying
** A = A and =BAT

↑-]


