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Outline

In this lecture:

Convergence rate concept

Gradient descent method

Step size selection strategies

Convergence performance of gradient descent
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First-Order Algorithms: Smooth Convex Functions

Consider an unconstrained optimization problem, with f smooth and convex:

min
x2Rn

f(x)

Usually assume µI � r2
f(x) � LI, 8x, with 0  µ  L

(using Nesterov’s notation: F2,1
L , S2,1

µ,L)

If µ > 0, then f is µ-strongly convex, i.e.,

f(y) � f(x) +rf(x)>(y � x) +
µ

2
ky � xk22

Condition number:  = L/µ (the larger  is, the more ill-conditioned)

In ML, people are often interested in convex quadratics, e.g.,

f(x) =
1

2
x>Ax, µI � A � LI

f(x) =
1

2
kAx� bk22, µI � A>A � LI
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Iterative Algorithms

We consider the following iterative algorithms:

xk+1 = xk + skdk,

where sk is step-size, and dk is search direction depending on (xk,xk�1, . . .).

For now: assume f smooth, f(xk) and rf(xk) is easy to evaluate

Complications from ML:

Nonsmooth f

f not available (or too expensive to evaluate exactly)

Only an estimate of rf(xk) is available

A constraint x 2 ⌦ (usually a relatively simple ⌦, e.g., ball, box, simplex...)

Nonsmooth regularization, i.e., instead of f(x), we want min f(x) + ⌧ (x)
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How to Evaluate the Speed of an Iterative Algorithm?

Definition 1 (Convergence rate)

A sequence {rk} ! r
⇤ and rk 6= r

⇤ for all k. The rate (or order) of convergence p

is a nonnegative number satisfying

lim sup
k!1

krk+1 � r
⇤k

krk � r⇤kp = � < 1.

Sublinear: p = 1 and � = 1 (e.g., O(1/k) rate)

Linear or geometric: p = 1 and 0 < � < 1 (i.e., krk+1 � r
⇤k  �krk � r

⇤k
for some � 2 (0, 1), or krk � r

⇤k = O(�k), which is quite fast)

Superlinear: p > 1 and � < 1, or p = 1 and � = 0 (i.e., krk+1�r⇤k
krk�r⇤k ! 0,

that’s very fast!)

Quadratic: p = 2 and � < 1 (i.e., krk+1 � r
⇤k  �krk � r

⇤k2, # of correct
significant digits doubles each iteration. We rarely need anything faster than
this!)
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Convergence Rates Comparisons
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Convergence Rates Comparisons: Log-Scale
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Gradient Descent

Back to the unconstrained optimization problem, with f smooth and convex:

min
x2Rn

f(x)

Denote the optimal value as f⇤ = minx f(x⇤) and an optimal solution as x⇤

Gradient Descent
Choose initial point x0 2 Rn. Repeat:

xk = xk�1 � skrf(xk�1), k = 1, 2, 3, . . .

Stop if some stopping criterion is satisfied.
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Gradient Descent: Geometric Interpretation

Gradient descent is a first-order method: Consider the following quadratic Taylor
approximation:

f(y) ⇡ f(x) +rf(x)>(y � x) +
1

2
(y � x)>r2

f(x)(y � x)

No, we replace Hessian r2
f(x) by 1

sI to obtain:

f(y) ⇡ f(x) +rf(x)>(y � x) +
1

2s
ky � xk2

Can be viewed as a linear approximation to f , with proximity term to x weighted
by 1

2s . Choose next point y = x+ to minimize this approximation:

x+ = x� srf(x)
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Gradient Descent: Geometric Interpretation

x+ = argminy f(x) +rf(x)>(y � x) + 1
2sky � xk22

Questions:

How to choose step sizes {sk}?
What is the according convergence rate? Or does it depend on {sk}?
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Strategy 1: Fixed Step Size

Simply set sk = s for all k = 1, 2, 3, . . ..

Limitations: May diverge if s is too large, Can be slow if s is too small.

Example: Consider f(x) = (10x2
1 + x

2
2)/2:

8 iterations 100 iterations

JKL (CS@ISU) COM S 578X: Lecture 6 11 / 33

⇒ quit , NY ) = Co , o ) .

-
- e - - - - T

'

j.
I
l

l
l

l



Strategy 1: Fixed Step Size

Converges nicely when s is “just right.” Same example, GD after 40 iterations:

Will be clear what we mean by “just right” in convergence rate analysis later
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Strategy 2: Exact Line Search

Choose the step size s to do the “best” we can along the direction of �rf(x):

s = argmin
t�0

f(x� trf(x))

Limitations:

Usually it’s too expensive to do this in each iteration.

Spoiler: Our convergence rate analysis later will also show that it’s not worth
the e↵ort
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Strategy 3: Inexact Line Search

Seek sk that satisfies Wolfe conditions:

“Su�cient decrease” in f :

f(xk+1) = f(xk � skrf(xk))  f(xk)� c1skkrf(xk)k2, (0 < c1 ⌧ 1)

“Not zigzagging too badly”:

�rf(xk+1)
>rf(xk) � �c2krf(xk)k2, (c1 < c2 < 1)

Main features:

Can show that accumulation points x̄ of {xk} are stationary: rf(x̄) (thus
minimizer if f is convex)

Can do 1-dim line search for sk, taking minima of quadratic or cubic
interpolations of f and rf at the last two values tried. Use brackets for
reliability. Often finds suitable sk within 3 attempts (see [Nocedal & Wright,
2006, Ch. 3])
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Strategy 3: Inexact Line Search – Backtracking

One way to adaptively choose step size is to use backtracking line search
1 First fix parameters 0 < � < 1 and 0 < ↵  1

2

2 At each iteration, start with s = 1, and while

f(x� srf(x)) > f(x)� ↵skrf(x)k22

shink s = �s. Else, perform gradient descent update:

x+ = x� srf(x)

Remarks:

Simple and tends to work well in practice (further simplification: just take
↵ = � = 1/2). But doesn’t work for f nonsmooth

Also referred to as Armijo’s rule. Step size shrinking very aggressively

Not checking the second Wolfe condition: the sk thus identified is “within
striking distance” of an s that’s not too large
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Backtracking Interpretation

f(x)� ↵skrf(x)k22

s = 0

f(x� srf(x))

s0

s

f(x)� skrf(x)k22
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Backtracking Example

Backtracking picks up roughly the right step size (12 outer iterations, 40
iterations in total):
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Convergence Rate Analysis: Fixed Step Size

Assume that f is convex & di↵erentiable, with dom(f) = Rn and additionally

krf(y)�rf(x)k2  Lky � xk2, 8x,y

That is, rf is Lipschitz continuous with constant L > 0 (L-Lipschitz continuous)

(Nesterov notation: f 2 F1,1
L )

Theorem 1
Gradient descent with fixed step size s  1/L satisfies

f(xk)� f(x⇤)  kx0 � x⇤k22
2sk

,

i.e., gradient descent method has sublinear convergence rate O(1/k).

Remark:

To get f(xk)� f(x⇤)  ✏, it takes O(1/✏) iterations.
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Convergence Rate Analysis: Fixed Step Size

Proof Sketch.

rf is L-Lipschitz )

f(y)  f(x) +rf(x)>(y � x) +
L

2
ky � xk22, 8x,y

Plugging in xk+1 = xk � srf(xk) to obtain:

f(xk+1)  f(xk)�
✓
1� Ls

2

◆
skrf(xk)k22

Using the convexity of f and taking 0 < s  1/L, and , we have

f(xk+1)  f(x⇤) +rf(xk)
>(xk � x⇤)� s

2
krf(xk)k22

= f(x⇤) +
1

2s

�
kxk � x⇤k22 � kxk+1 � x⇤k22

�

JKL (CS@ISU) COM S 578X: Lecture 6 19 / 33



Convergence Rate Analysis: Fixed Step Size

Summing over iterations & after telescoping:

kX

i=1

�
f(xi)� f(x⇤)

�
 1

2s

�
kx0 � x⇤k22 � kxk � x⇤k22

�

 1

2s
kx0 � x⇤k22

Since f(xk) is non-increasing, we have

f(xk)� f(x⇤)  1

k

kX

i=1

�
f(xi)� f(x⇤)

�
 kx0 � x⇤k22

2sk
.
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GD Convergence: Fixed Step Size under Strong Convexity

Assume that f is convex is di↵erentiable, rf L-Lipschitz, and µ-strongly convex,
i.e., f(y) � f(x) +rf(x)>(y � x) + 1

2µky � xk22. (Nesterov notation: S1,1
µ,L)

Theorem 2

Gradient descent with fixed step size 0 < s  2/(L+ µ) satisfies

kxk � x⇤k 
 s

1� 2sµL

µ+ L

!k

kx0 � x⇤k

i.e., GD has linear convergence rate. If s = 2
µ+L , then

kxk � x⇤k 
✓
� 1

+ 1

◆k

kx0 � x⇤k

f(xk)� f(x⇤)  L

2

"✓
� 1

+ 1

◆2
#k

kx0 � x⇤k22
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GD Convergence: Fixed Step Size under Strong Convexity

Proof Sketch. For notational convenience, let rk denote the residual kxk � x⇤k.
Consider r2k+1, we have

r
2
k+1 = kxk+1 � x⇤k2 = kxk � x⇤ � srf(xk)k22

= r
2
k � 2srf(xk)

>(xk � x⇤) + s
2krf(xk)k22 (1)

According to [Nesterov, Thm 2.1.12], if f 2 S1,1
µ,L, we have

rf(xk)
>(xk � x⇤) � µL

µ+ L
r
2
k +

1

µ+ L
krf(xk)�rf(x⇤)k22

Plugging in (1) and using the fact that rf(x⇤) = 0, we have:

r
2
k+1 

✓
1� 2sµL

µ+ L

◆
r
2
k + s

✓
s� 2

µ+ L

◆
krf(xk)k22

The last inequality in Thm 2 follows from the L-Lipschitz gradient
assumption.
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Convergence Rate Analysis: Backtracking

Same assumption: f 2 F1,1
L .

Theorem 3
Gradient descent with backtracking line search satisfies:

f(xk)� f(x⇤)  kx0 � x⇤k22
4↵min{1,�/L}k = O(1/k)

Same sublinear rate as fixed step size

If � is not too small, then we don’t lose much compared to fixed step size
(�/L vs 1/L)
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Convergence Rate Analysis: Backtracking

Proof.

Recall BT exit condition: f(xk � srf(xk))  f(xk)� ↵skrf(xk)k22. This
is satisfied when s  1/L, because s  1/L ) �s+ Ls2

2  � s
2

Using this and the L-Lipschitz assumption, we have

f(xk+1) = f(xk � srf(xk))  f(xk)�
s

2
krf(x)k22  f(x)� ↵skrf(xk)k22

Hence, BTLS terminates either with s = 1 or with s � �/L. Thus, we have

f(xk+1)  f(xk)�min{↵,�↵/L}krf(xk)k22

The rest of the proof follows essentially the same line of arguments as in the
proof for the fixed step size case.
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GD Convergence: Backtracking under Strong Convexity

Assume that f 2 S1,1
µ,L

Theorem 4

Gradient descent with backtracking line search satisfies

kf(xk)� f(x⇤)k  (1�min{2µ↵, 2�↵µ/L})k kf(x0)� f(x⇤)k

i.e., GD has a linear convergence rate.
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GD Convergence: Backtracking under Strong Convexity

Proof.

From the proof of the weakly convex case, we have obtained:

f(xk+1)  f(xk)�min{↵,�↵/L}krf(xk)k22

Noting krf(xk)k22 � 2µ(f(xk)� f(x⇤)) & subtracting f(x⇤) on both sides:

f(xk+1)� f(x⇤)  (1�min{2µ↵, 2�↵µ/L}) (f(xk)� f(x⇤)).
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Convergence Rate Analysis: Exact LS

Assume that f 2 F1,1
L

Theorem 5

Gradient descent with exact line search satisfies

f(xk)� f(x⇤)  Lkx0 � x⇤k22
2k

= O(1/k)

i.e., GD has a sublinear convergence rate.
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Convergence Rate Analysis: Exact LS

Proof.

From L-Lipschitz and xk+1 = xk � srf(xk), we have

f(xk � srf(xk))  f(x)� s

✓
1� Ls

2

◆
krf(xk)k22

Minimize over s on both sides yields:

f(xk+1) = f(xk � serf(xk))  f(xk)�
1

2L
krf(xk)k22

The rest of the proof follows exactly the same arguments as in the proof of
the fixed step size case
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GD Convergence: Exact LS under Strong Convexity

Assume that f 2 S2,1
µ,L

Theorem 6

Gradient descent with exact line search satisfies

kf(xk)� f(x⇤)k  (1� µ/L)k kf(x0)� f(x⇤)k

i.e., GD has a linear convergence rate.

Observation
No improvement in the linear rate over fixed step size!
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GD Convergence: Exact LS under Strong Convexity

Proof.

From L-Lipschitz and xk+1 = xk � srf(xk), we have

f(xk � srf(xk))  f(x)� s

✓
1� Ls

2

◆
krf(xk)k22

Minimize over s on both sides yields:

f(xk+1) = f(xk � serf(xk))  f(xk)�
1

2L
krf(xk)k22

Following the same step in BTLS, subtracting f(x⇤) from both sides and
noting Noting krf(xk)k22 � 2µ(f(xk)� f(x⇤)), we have

f(xk+1)� f(x⇤)  (1� µ/L) (f(xk)� f(x⇤)).

JKL (CS@ISU) COM S 578X: Lecture 6 30 / 33

-HEI
-THI

r r

f-
fr

an

L
is



In Summary

O

h�
�1


�ki

Fixed Step Size

Exact LS

BTLS
O((1�min{2µ↵, 2�↵/})k)

O(1/k)

O(1/k)

O(1/k)

Convex Strongly Convex

O

h�
�1
+1

�2ki
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The Slow Linear Rate Is Typical

Not just pessimistic bound – It really is quite slow!
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Next Class

Accelerated First-Order Methods

JKL (CS@ISU) COM S 578X: Lecture 6 33 / 33



①
them: If f- E F

'! (R") , then GD with const . step- size
S E (O, 'T) satisfies .

.

f-Can - feat ) s¥j¥ , yk ( Oth
sublunar

convergence rate).
Proof . step 0 Claim : If af is Lipshutz , then :

fly) E flat t7fH5cy-E)+ E- IIF- a- Hi , VI. y C- IR
"

.
cos

f-catty
-ED .

To show 18) , we start from the following : t

say , -- teens: de

"

.

=feel tf! If#Tuf-AEST CF -I) ok (chair rule ).
add & subtract
= feat -17fatty-E) t)! fefinttcy-a))- after cut-E) ok

By some rearranging and taking absolute value on both sides :

Itsy-feet-attaint-ask 1)jfxfeettly-as) -afterI'Cy-a) del
⇐ I. llattettcy-ah - extremity-alot . ( III: a'IIIinn)
⇐ f! ltxfcnttcy-a) )- extent II. Hy-self de (Cauchy- Schwartz 7-neg .
- lethal E Hall- H'ball
L- Lipschitz : E L -414-all .

⇐ filthy-a-H'de =LNy-all
'

)!Tdt = Illy-self . co) is proved .
-
la
2



②

step ② : WTS :

"

Descent property of GD
"
:

Ike, = Ik - Sk flak) . Plugg this in CA) :

-soften - SHHH

ftaktilsfcakltafKHTCIEE.tt/lzEEelT--fCZk) - shifters IK t HattenHi
= flak) - su-E) Kafka)Ni co)

step ③ : From convexity of fee ) , we have n
.

f-CI* ) 3 flak) +affiant (z't
'
- Ik)

⇒ f- tea) E fee't, + aflutter- a
't
) H)

plugging HI onto co) yields :

tenths fHt¥T¥.

- su-E) Hattan ki att)

replace teeth

Now , let 's fake step- size se lo ,I] .
then

ocseI ⇒ oshssl ⇒ - f- s -Eco ⇒ Ist-East

⇒ - se - su-E) e -E

Using above in Atx ) ⇒

flame) - flat) s aftertaste-E) - Ill flank
'

cool
.

-



③

step ④ : consider RHS : tfCanteen- E
't

) - Ilkhan Ili

HENT ten- e
't

) -2117am Hi
= - Is [s'll afeard Ili - 2stfkufcza-EI-ltar-a.ttHi - Heh-Illit=L

=- Is [HEE Hi - Hak-a't Iti )
= [Here'tHi - Haru - a-*Hi ]
Therefore , Coo) ⇒

flake ) - fee
't
) s Is (Han-at Ili - Haku- at Ili ) Ca)

step ⑧ : summing (D) from 1 to k (telescoping ) :

II. Hail- feats) Sts (Hao-a' Ili - Haa-e'll: )
£ # Hao- a

* Hi

since {f-TEN} is mono . non- incr. ( GD descent prop . ) , we have

team - feat's -1k¥
,
lfiais-fcatiteE.EE -- ok) . I#

"

classic result : OCI) of GD .

"



④

Thing : If f- E SYL and Ss Ftp , then

Har-'* He (FEIT Hao-ath
.

Prof .. Consider : Haha ETH
'

:

Hama't It? - Haa -a" - safe.nl/2--Hzk-a*H't5HafEHlT-zs7ftak5fzk-I*)
.

CA .

Lemmy (( Nesterov . Them 2.1.21) : If f E Sf:L , then

Cafta) -aft'The-F) 3 HETH't#Hates-afoysll
'

, theyEIR
"

← CA)

Using CA) , with a- ah and yea
't
. notng afoot) =p . we have :

aftercare's >¥lHfEEITt¥ Haa-z't IT .

Then : Cole ( I-¥7) Har- IH't s (s-ft) Hatter'll
'

F-
SO

⇒ Hantz'll's ( I-FIL ) there'll
'

.

Taking square root on both sides
.

done !

Now
,
it remains to show (&) is true .

Since f- E SH;L ,
we have V-E , y EIR

"
:

c f 'd



⑤
10 . fat) E flatafter't-a)t- Ily-all? (from last lecture)

I fly) 3 feel taffeta-a) t fully -all? ( pi- strongly convex ) .

II : interchange Ehf : flat EfcyiafcyIce-y) + Elly-EH?
Adding two copies : Cafta - atopThe-y) E L IIF-all

'

#

By the same token on 20
,
we can show ,

Cafta-a feast ca-F) 3 µ He-FH
'

.

-

Now
,
let 's pick Zo EIR

" and consider the auxiliary Tn :

fly) ± fly) - tf CaoTut . ⇒ 74CF) = Hlf) - Aftab
It's clear that lol) EFI ' , and its opt . pt. is y*= Io .

(take the grad of gas & set it to 0 ⇒ HLF) Exfcy)-attache
⇒ of Zo ) .
Thus , often = fly

't
) E. 4 If - ¥74111) .

,
From lo : lout-Imax )- Ky) - adapt#EKA# ⇐Ellytteeifthi
-

ofT3011207 L 11744,1112 Ill 49-115

⇒ plant# Hatch-at II's 4th .- fly) -attested
Y
feta -7ftEo5Io

⇒ Tko) -1 feast Cy -zeo) t-ltxftttefca-osltstuf.si-



⑥

Interchange Io Ry :
fly> +afly5' Cao-F) + TL 117flip- effed ITEfceo) .

Adding two copies ( rename Eo as a ) :

⇒ the Hefty-atlas H's cafes) - afly,5' ca-y, . coercing of
-

( gradients )
In summary : we have

us Thatta -Hugill
'

E Cafta) -7ftHIT te-y)

G) pella- y ITE Cafta) - afup 5
'

la-y )
.

Thus, a) x# t G) X# ⇒

FLUE-Flit⇒*feet-afcy 'll's#fetus-atte'5E⇒
.

-

clearly , if ↳ fu , then we are done ..

So
,
it remains to show the case w/ L>µ .

Let's consider does E fee) - a' fullatt . Then , dial EF
'Iya .

Note : a deal = afoot) - lust . 188 ) .

Using CD : ladies-adaptca-y) > Hades)-adly'll
'

htt

Using cord) :
#
adk)- acdcy ) = [afca)- afcy)] -Ma-y ) .
I

plugging this into CA) yields :



Ctfu) leaflet -afca)) - pice-F)Ice-y)
⑦

> Hefty-afutlff-plte-FIT-zptxfkh-afoys5ca-yst.im
⇒ yuk-pike-y-HICL-phtxfcei-afcy.it'T'-F)
> Hafts)-atopNyt- Yaffa- afoy'T te-y )

⇒ etcetera-afyhtce-y-izkafee-atffyftpLIH-HI-yabiv.bgCtfu) on both sides , we're done ! FAI



⑧

Usefnl7-aeq.enconvexAnalysis.ttf) stet) tafiaTCF-a)tE HETH
'

. if f C- 711
.{ fly) > feel tafcafcy-a.lt#Hz-ylf , it ft Sh

Hafod- afar Hs L Ha-Fll , if ft TY .

finttaflatly-a) tall aftf) - afresh
-

Etty) . if f- EF 'd
flat tafiaItf-a) t # flatly)-attest's flat) , if f ESH
Interchanging & Adding :
IHefty-attests cafes- afiy-ITK-yja-LHa-y.IT. if f- ELY{ pulse-yy's cafes-afathtce-y-lsfuflatees-atiysk.it test .

Strongest Result : If f E Split
cafes -aftHICE-y ) >⇒HE-gift#Hatta)- 7TH'll

'

.

Convex Combinations : L Eco , II

flake a-Ny ).tk#Hafcas-7fly-7lYEdfEHCta7fIy7--fHZtu-asy-7tII-Ha-Fll
'

.




