
1WhBaekgnrmdReview_ ①

BasicAndgsi
A . Norm : A Tn f : IR

"
→ R is called norm if :

* C non -

neg . ) : fee) 30
,

HE E Rn
. TH) =o off I - o

.

* C homogeneity ) : feta ) = It Ifta ) .
V-E EIR

"

,
t EIR .

* I triangle mega ) : flat g) E fee ) t fly ) ,
VI. y EIR

"

.

If fees B a norm ,
we denote it : Hall .

2 . Norm HIM 's meaning
:

* HEH : length of a

* HE - Fll : dist
. btwn E & y .

3. Unit Ball : set of vectors with Hell El .

B = { IER
"

: Halls I } .

Ex :

* La - norm C Euclidean -

norm ) : HEIKE CITES't= Cafe - - . - tan )
't

* I
,

- norm f scum - abs
.

- Val . ) : HEH
,

I tell t . .  - + lanl .

* too - norm ( Chebyshev ) : Hello = max flail ,
- - -

, ten ! }
* Ip - norm .

. Hall p
= ( Kitt.  - - thenIP It

. Hello-_pkYfHIHp CAN
.

* Quadratic norm .
. For any positive semdef .

matrix I
,

EIR
" "

HEHE = LET f. 251 = HE 't Ille
at Ezzo ,

ta EIR
"



②
4 . Equivalence of Norms -

.

Suppose Killa and It - Hb are norms on IR "
.

Then 7- a p > o

sit
. V-E EIR

"

, dhalla 's Hells s pltella -

Ex : Hellas Hall ,
s rn Hella

.

Hello E Halter Hello

Halloo ⇐ HEH,
⇐ NIKKO

.

B
. Sets and

sequences ÷

I . E - nerghorhood about a pt. Zo

Netto ) - fz : HE - Zoll EE) .

'

< E

2
.

Interior of S :

int f S ) = { IES : I E > o
,

sit . Neck ) ES }
.

3 . Boundary of S :

Hs ) = f I : He > o , Nate ) AS -44 , Neca) Asato }
.

s
'

4 . Open and Closed sets
,

open set s : SA 28 ) - 4€Saint CS ) .

closed sets : acs ) ES ⇐ { soon open } ,

①



③
②

.
•:

.;
.

closed b/c every pt .
is handy pt .

S -

- IR
"

:
both

open
and closed

.

I
. 5=9 , 2157=4--28 ) , SAYS ) = Shot ⇒ As

'

=p
. open .

s
. 2K ) = of ES ⇒ s is closed

.

c empty set is

a subset of any
set )

.

, open or closed ? neither
.

5. Closure of S : alls ) = 26 ) Us
. ( smallest closed set that

contains S ) .

6 .
S is bounded if it can be contained within a ball

of finite radius
.Eh7 . S is compact if it's closed and bound

.

§ff#gggga
closed butunloaded

8 . Convergent Sequence and Limits
.

I

Bet
CConvergence ) : A seq . of vectors a , , a ;

-
- - are said

to be convergent to a limit pt . I if Teso , I we EIN

sit
. Kkk - Ills E. Tks Ne .

flak
} → I ask → co . frigate = E ) .



④
2-

. Def C Cauchy Seq ) : A seq Hk } is Cauchy seq .  if
it Eso , 7- NEIN

.

at
. Ham - and ee

,
Hmm IN .

Tim A seq oh IR
"

hes a unit iff it is Cauchy .

Ex : Cp - series ) . an = -1ns . show { bn } = f Ak } cp⇒) has ahmet .

Proof :
W

. Ceo
. g. ,

let m , n E IN and man .

bn - bn - Fate - E. The = Em
,
'T - Ema #

= Em
,
tht - t ) - In -¥t¥- ¥# -

- +¥ - at

=  elm - In C Im C E ,

can always find aft . large m at
.

bn - bmc E
.

9 .
Closed ness & Compactness characterised convergent seq . & limits

.

Thin :
A set s is closed iff for any seq . f Eh } → I

,
st

.

a- he 5
,

we also have I C- S
.

proof : ( ⇒ ) By

contradiction
: suppose not : I a fak } → I

, akES.tk

s
'

but IES .

s closed ⇒ 5 open ⇒ s
'

= int Cs
'

) . us

since I Esc EI EE ht (5) ⇒ 7- Neck) E S
'

→ ← convergenceassumption ,



E) By contra : If St closed : I I c- 2 CS ) , but EELS .

⑤

,

(
'

-

,

.

'

:c::::÷÷;*eaan⇒÷
!

, -

i

'

Eh

The C Bolzano - Weirdness ) : F-
verybad seq

.
in R

"

has a

convergent swbseg .

a IR I . enlrghted terms are

infinitethe
-

-

• - -
a

- MCT : if {any is a mono¥¥E¥seeds, then { an } has
a

a Amit off fan } is tended
.

IIR
-

-
r

. ewwghted terms arelj.E
Ate .

an
a

10
. Supremum of

 S C least WB ) : Smallest possible x

satisfying as a
,

ones
.

-

→
I - ta . m÷ i

.



Infinitum of S ( LargestLB ) : Largest possible value a

⑥

satisfying a ER ,
ARES

.

^

et
,

KEIR
. 2npmwm :O

Maximum ,
minimum C achievable )

.

* The innit superior lifespan is the infimam of all

GEIR for which

_¥'¥-
elements in sink} .

exceed g . lineup an = kinos { spam } CAW ?

msn.it;n an 'na

;
'mgang cnn.ir

.

* The limit ofimnm life; an is the
supremum of all geek

for which_¥'Yelements in { an } less

than g . linmntnn - EEKY.im )
.

* lineup and lining

always
exist

.

{ an } converge if lion:p
an = line;D an .
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3 . Functions .

.

i

Conteh

.

: A fu f : s→ R is cont . . at EES if HE > o
,

7- a or > o
,

at . aES with Ha - a Has Ifla ) - feet - e
.

write : fly ) → fins ,
as I → I .

7¥
Cont

. fu . achieves both a maximum & minimum

over a non - empty Yet set
.

closed & birded
.

I Diff
' ble Tn :

as s non -

empty
set in IR

"

,
It cuts

,
and T : s → IR .

f- is diff ' ble at Ie if 7- a vector C called gradient ?

afia , ⇐ CHIEF ,
- - - ¥¥ - IT at E and fn

plz , E) → o as a → I
,

such that

flat - fast a f- CEST la - E) t HI - EH plz . E ) , TIES
.

I =/

Fo - approx . ONE - EH ) .

k ) . f is called twice diff ' ble at I if , in addition to

gradient ,
I symmetric men matrix II CE) ( called Hessian

mtrx ) . of f at I
,

and pot , E) → o as a → I , such tht :

TEH - f Estafette - E) t Ice - ET It latte - E) t HE - EITPCZ.IT .

-so - approx . o CHI - Elf )
.



# as ±

I "÷÷
- - -

÷i÷
⑧

IITs
,

.
. .  

÷q⇒
) ER

" "

.

5 A vector - valued Tn f is diff ' ble if each component

is diff , ble
.

Ctw ice )

C twice diff ' ble ) .

A diff ble vector - valued fr he : IRM → IR
"

,
the Jacobian ,

denoted by Theta) ,
is given by the nxm matrix :

⇒ .

. . in .
.

.40 I MVT ) : S non -

empty open
convex

f- :S → R be diff ' ble
. For

every
El , are s

,
we have

fled = find taffeta a- Ii ) ,
where I = RE, -14 - d) Ez

for some X E C oil ) .



⑨

£
Taylor 's Them : S non - empty , open , convex in IR "

.

f : s → IR
.

twice diff ' ble
, For

every
E , .kz ES

. we hare
,

f- car ) =fHiHafKFtEE ai ) t ICE - ZIT He te ) Lsea - Ii ) ,
Where

HI CE) is Hessian at I
,

and E- delta - d) Iz , for some decal ) .

Linear Algebrae- :

I . linear indef: Ei ,
- - -

, Ik Elk
"

are Hin
. cndep . if

¥,
di Ii = E ⇒ di - o

, t it ,
- -

. ,
k

.

2. linear comb : GEIR
"

is Cin . comb
. of I ,

- - - ah E IR
"

if
F- ¥2

,
Kiki for some di - - - Xk .

* Eh
,

di -4 : if is an aff¥of Ii - - idk
.

* ¥=
,

diet , disco , Hi : if is a vexed. of I ,
.  - idk

.

The linear
, affine , convex hull

of
s EIR

"
care , resp ,

the

set of all 1in . , affine . convex comb . of pts in S .
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3

.

spanning vectors : Ei ,
- - -

, KKE IR
"

,
Ksn ,

said to be

spanning
IR

"

if any vector on IR
"

can be represented

as a line . comte of Ii .

- - -

, Ik
.

The come spanned by I
,

- - - ink is set of non -

neg .

fin
.

comb
.

4. Basis : A set of at - -
- Ek EIR

"

spans
IR

"
-

and if the deletion of any of I ,
-

- - are prevents remaining
vector from spanning IR

"
( Basis a , ;

.  - irk spans IR
"

i
'

ft ten ) .

5
. Cauchy

- Schwartz Inegi. Kay > I - fat FIE Hath . HF Hz
.

( unsigned ) angle btwn a. y EIR "
.Latif) E cost (¥¥µ ) E fo , TII

.

2

( a & y are orthogonal , ( IIF ) , if Leif > = o ) .

6

.
Orthogonal matrix : E EIRMM : ETE = In or EET = Im

If E is
square

.

. OI
'

= QI .

7 . Rank of matrix i For A EIRMX
"

,
rank CE ) = max # of

tin
.

in deep . rows ( or equrwilantty .

cols ) of A
.



④

If rank CA ) = min { min ) , As is full ronfcol rank
.

8
. Eigenvalues and eigenvectors ÷ LIE 1kWh . If d and ate

L L
y

'  =L 't

satisfy As I - DE
,

then d , a are eigenvalues & eigenvectors .

-

* d can computed by solving det I As - d ? ) = o ( chnemfnte.int:c) .

* As is symmetric → n C possibly won - distinct ) real eigenvalues

* Eigenvectors assoc . w/ distinct eigenvalues are orthogonal .

* Given symmetrix It ⇒ can construct an orthogonal basis B. E IRM

where each cot in B. is an eigenvector of A .

* Normalize B. to have unit la norm
,

s
.

t
. BI' ? - E ( EE BI

'
)

.

Then E is called or±ho¥ matrix
.

I asymmetric

* Let be eigenvalues ONE.

Let I = [
'

in
.

note it E- E a
af . .  . i=f÷ .  - - IT "

.

. .nl
.

BIKE
'

⇒ A = E. A. BE = ¥
,

di kiki

¢eigenvalue de
comp ) .



④
to . Singular - Value Decamp .

C SVD )
.

LetAs ERM
". Then AEK ? IT ,

where It EIRMM orthonormal
,

I. ERM"

orthonormal
,

and E.I IR
" "

, (E) ij=o for itj .

(E) ij
30 , for i=j .

-

C- IR

* Cols of It : Normalized eigenvectors of A. AT .

* Cols of I :
-

-  -  
-  - - - - - of AI' #

* (E) ij , i=j : Are abs
. square root of eigenvalues of

t.tk
. if men or AAI

'

if mzn .

k . Definite & Semidefinite Matrices : As EIR
" "

symmetric .

pp EVIE so it'

Eto
, KEIR

"

As is PSD if ; 70 , VEER
"

ND
'

, co Veto , a ER "

NSD ' SO VIEIRA
.

As is indef .  if neither psp nor NSD
.

pp pos
.

As is PSD if eigenvalues are
non -

neg .

, resp .

ND neg .

NSD non -

pos .



⑤
13

. If A is PSD ,
then Ai is the matrix satisfying

Aia '
- A

.

,
nd E' =EA±B→

get
.


