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ABSTRACT

To increase the training speed of distributed learning, recent years
have witnessed a significant amount of interest in developing both
synchronous and asynchronous distributed stochastic variance-
reduced optimization methods. However, all existing synchronous
and asynchronous distributed training algorithms suffer from vari-
ous limitations in either convergence speed or implementation com-
plexity. This motivates us to propose an algorithm called SYNTHE-
SIS (semi-asynchronous path-integrated stochastic gradient search),
which leverages the special structure of the variance-reduction
framework to overcome the limitations of both synchronous and
asynchronous distributed learning algorithms, while retaining their
salient features. We consider two implementations of SYNTHE-
SIS under distributed and shared memory architectures. We show
that our SYNTHESIS algorithms have O(VNe2(A+1) +N) and
O(VNe 2(A+1)d + N) computational complexities for achieving
an e-stationary point in non-convex learning under distributed and
shared memory architectures, respectively, where N denotes the
total number of training samples and A represents the maximum
delay of the workers. Moreover, we investigate the generalization
performance of SYNTHESIS by establishing algorithmic stability
bounds for quadratic strongly convex and non-convex optimization.
We further conduct extensive numerical experiments to verify our
theoretical findings.

CCS CONCEPTS

« Computing methodologies — Distributed algorithms; Ma-
chine learning.

KEYWORDS

Machine learning, asynchronous distributed optimization

ACM Reference Format:

Zhuqing Liu!, Xin Zhang?, and Jia Liu' . 2022. SYNTHESIS: A Semi-Asynchronous

Path-Integrated Stochastic Gradient Method for Distributed Learning in
Computing Clusters. In The Twenty-third International Symposium on Theory,
Algorithmic Foundations, and Protocol Design for Mobile Networks and Mobile
Computing (MobiHoc °22), October 17-20, 2022, Seoul, Republic of Korea. ACM,
New York, NY, USA, 24 pages. https://doi.org/10.1145/3492866.3549722

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full citation
on the first page. Copyrights for components of this work owned by others than ACM
must be honored. Abstracting with credit is permitted. To copy otherwise, or republish,
to post on servers or to redistribute to lists, requires prior specific permission and/or a
fee. Request permissions from permissions@acm.org.

MobiHoc 22, October 17-20, 2022, Seoul, Republic of Korea

© 2022 Association for Computing Machinery.

ACM ISBN 978-1-4503-9165-8/22/10...$15.00
https://doi.org/10.1145/3492866.3549722

1 INTRODUCTION

From the early days of machine learning (ML), the classical first-
order stochastic gradient descent (SGD) method has been used as
the workhorse training algorithm due to the high dimensionality
of ML computing tasks and the large size of datasets. However, it is
well known that the SGD algorithm suffers from slow convergence.
To accelerate the traditional SGD approach, there have been two
main approaches in the literature. The first approach is to exploit
algorithmic techniques, including momentum [19], adaptive learn-
ing rates [7], etc. One of the most notable algorithmic acceleration
approaches in recent years is the family of “variance-reduced” (VR)
methods (see, e.g., SVRG [11], SAG [24], and SAGA [5] and many of
their variants). The basic idea of these VR methods is to construct
accurate gradient estimators periodically by recomputing (near)
full gradients to reduce variance. In the VR family, the state-of-the-
art is the SPIDER method (stochastic path-integrated differential
estimator) by [6] and its enhanced version called SpiderBoost [27]
(see Section 2 for more in-depth discussions). The second major ap-
proach to accelerate SGD is to leverage the parallelism in distributed
computing clusters (e.g., from chip-scale to datacenter-scale GPU
farms), thanks to SGD’s decomposable structure implied by the
use of mini-batches. Notably, both distributed memory parallelism
on multiple GPUs [2, 15, 30] and shared memory parallelism on
a multi-core machine [20, 32] have been exploited in SGD-based
ML tasks, such as parallel SVM [26], parallel matrix factorization
[25, 29] and distributed deep learning [28], just to name a few.

However, in the distributed and parallel computing approach for
distributed ML, a key design dilemma is the architectural choices
between “synchronous” and “asynchronous” implementations for
the distributed SGD algorithm. A salient feature of synchronous
parallel algorithms is that they have a more stable convergence per-
formance in general. However, synchronous implementations suffer
limitations in complexity in maintaining a common clock, strag-
gling problems, and periodic spikes in data traffic. In comparison,
asynchronous algorithms are easier to implement and cause less
network traffic congestions and delays. However, a major limitation
of asynchronous parallel algorithms is the inevitable impact of stale
stochastic gradient information due to asynchronous updates. If
not treated appropriately, the stale stochastic gradient information
could significantly degrade the convergence performance of the
asynchronous algorithm.

The pros and cons of “synchronous vs. asynchronous paral-
lelisms” in the parallel SGD implementation motivate us to pursue
a new semi-asynchronous distributed optimization method that
achieves the best of both worlds while avoiding their pitfalls. Inter-
estingly, our key idea in addressing the problems in “synchronous
vs. asynchronous parallelisms” (i.e., the second SGD acceleration
approach) comes from the VR-based algorithmic acceleration (i.e.,
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the first SGD acceleration approach). Specifically, we show that the

“double-loop” structure of the VR-based algorithms [6, 11, 27] natu-

rally implies an elegant semi-asynchronous implementation, which

entails a simple implementation as in asynchronous distributed
algorithms, while providing strong convergence and generalization
performance guarantees as in synchronous distributed algorithms.

This key insight enables us to develop a new distributed learning

algorithm called SYNTHESIS (semi-asynchronous path-integrated

stochastic gradient search). Our main results and contributions are
summarized as follows:

o We first analyze the convergence of SYNTHESIS for non-convex
optimization for learning problems under the distributed memory.
We show that SYNTHESIS achieves a computational complexity
O(VNe %(A + 1) + N) in terms of stochastic first-order oracle
(SFO) evaluations to find an e-approximate first-order stationary
point (to be defined later), where N is the number of training
samples, and A denotes the maximum delay in asynchronous
update across all workers. Our result shows that delays in asyn-
chrony only linearly affects the hidden constant in convergence
performance and does not slow down the convergence rate order.
Also, fewer number of training samples N may speed up the
running time when they reach similar training loss results (i.e.,
lower sample complexity).

o Next, we analyze the convergence of SYNTHESIS under the
shared memory architecture. We show that the SYNTHESIS
method achieves a computational complexity O(VNe 2 (A+1)d+
N) in terms of SFO evaluations. This result reveals an interesting
insight that, under shared memory, one needs to pay an addi-
tional cost that is d times larger due to the restriction that only
one vector coordinate can be updated at a time. Nonetheless, this
restriction does not affect the convergence rate with respect to €.

We further study the generalization performance of SYNTHESIS
under both distributed memory and shared memory architec-
tures. We establish the upper bounds of the expected general-
ization errors of SYNTHESIS for both convex and non-convex
learnings. Our generalization bounds show that larger step-sizes
and smaller training datasets cause larger generalization errors
in SYNTHESIS. These results also characterize a fundamental
trade-off between convergence and generalization in distributed
learning algorithms.

The rest of the paper is organized as follows. In Section 2, we first
discuss related work and preliminaries of distributed memory and
shared memory architectures. In Section 3, we present the system
model, problem formulation, and basic assumptions. In Sections 4
and 5, we analyze convergence and generalization performances of
the SYNTHESIS method under the distributed memory and shared
memory parallelisms, respectively. Section 6 presents numerical
results and Section 7 concludes this paper. We note that the full
version of the proofs in [16].

2 RELATED WORK AND PRELIMINARIES

In this section, we first provide an overview on variance-reduced
first-order methods and asynchronous distributed first-order meth-
ods. Then, we offer some necessary background on two widely
adopted parallel computing architectures, namely distributed mem-
ory and shared memory. To define the stochastic first-order oracle
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(SFO) complexity, we first introduce the notion of first-order e-
stationary point. We say that a point x is a first-order e-stationary
point of a function f(-) if the first-order gradient condition is satis-
fied: E[||VF (%) %] < €%

e Variance-Reduced First-Order Methods: The history of
the basic SGD algorithm dates back to 1951 [22]. As mentioned in
Section 1, it is well-known that the basic SGD method achieves
an e-approximate stationary point with an SFO evaluation cost
of O(e™*) [8]. To address this limitation, variance reduction tech-
niques (VR) [12, 23] have emerged in recent years to improve the
convergence rate of SGD. Notably, SAGA [5] and SVRG [11] achieve
an SFO complexity of O(N?/3¢™2) iterations to attain a first-order
e-stationary point for non-convex optimization. In the VR family,
SPIDER [6] and SpiderBoost [27] are the state-of-the-art, achieving
an SFO complexity of O(min(VNe™2,e73)).

e Asynchronous Distributed Optimization for Learning;:
One of the earliest asynchronous SGD-type algorithms is HOG-
WILD! [20], which is a lock-free asynchronous parallel implementa-
tion of SGD under the shared memory architecture with a sublinear
convergence rate for strongly convex problems. Roughly the same
time, the convergence of SGD with asynchronous gradients was
studied in [2], which has an SFO complexity of O(e™*) if the ran-
dom gradient update delay is i.i.d second-moment-bounded. This
O(e™*) SFO complexity is the same as that of the synchronous and
non-delayed case. Later, a coordinate-descent-based asynchronous
parallel optimization algorithm termed ARock was proposed in [18],
which generalizes asynchronous SGD (Async-SGD) for solving con-
vex problems. In [10, 21] an asynchronous stochastic VR-based
Async-SVRG method is proposed to achieve linear convergence
for bounded delays for convex problems. However, the computa-
tion complexity of Async-SVRG suffers from O(n~2/3¢~2), which is
higher compared to our SYNTHESIS algorithm from O(n~1/2¢72).
Our better sample complexity result is due to the recursive struc-
ture in the asynchronous gradient estimator in our SYNTHESIS
algorithm.

e Distributed Memory vs. Shared Memory: To facilitate later
discussions, we provide a brief overview on distributed memory
and shared memory parallel architectures, two of the most common
distributed computing architectures in practice.

1) Distributed Memory: As it name suggests, distributed memory
refers to a multi-processor computing system, where each processor
has its own private memory. Computational tasks can only operate
on local data, and if remote data is required, the computational
task must communicate with one or more remote processors. As
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illustrated in Fig. 1, a distributed memory system typically contains
processors and their associated local memory, as well as some
form of interconnection that allows programs on each processor to
interact with each other. In the context of distributed ML, thanks
to the independent memory, each computing unit can compute a
stochastic gradient of the objective function based on local data
and update all coordinates at the parameter server simultaneously
without affecting other workers’ operations.

2) Shared Memory: In contrast, a shared memory system offers
a single memory space that can be simultaneously accessed by all
processors/programs. Depending on context, programs may run
on a single processor with multiple threads or multiple processors.
In the context of distributed ML, the shared memory architecture
is often used by a single machine with multiple cores/GPUs. The
parameter values are stored in the shared memory and multiple
threads can access them. Each thread reads the parameter values
from the shared memory and randomly chooses a batch of samples
to compute a stochastic gradient. Each thread then updates the
current parameters with its stochastic gradient. However, due to
the shared memory restriction, each thread can only read or write
a single coordinate at a time to prevent race conditions [20].

With the basic notions of distributed and shared memory archi-
tectures above, we are now in a position to present our proposed
SYNTHESIS algorithm in Section 3.

3 SYSTEM MODEL, PROBLEM
FORMULATIONS AND BASIC ASSUMPTIONS

In this section, we present the system model, problem formulation
and the assumptions used in this paper. We consider a distributed
learning system with P workers and a parameter server. There are
N data samples in total in the global dataset, which is denoted as
S = (&1, ..., EN). Each sample ¢; is independently and identically
distributed (i.i.d.) following a latent distribution O. The global
dataset S in dispersed in each worker, and each local dataset at
worker p is denoted as S, with 21};1 |Sp| = N. For simplicity, we
assume equal distribution and let n = |S,| = N/P.! The goal of
the distributed learning system is to solve an optimization problem,
which is typically non-convex and in the following form:

' 1 P ISyl 1 P n
min, f(x) = N; Zl fitx &) = E;;ﬁ(x, &).

In this paper, we make the following assumptions:

AssuMPTION 1 (BoUNDED OBJECTIVE FUNCTION). The function
f () is bounded from below, i.e., f* = inf, cpa f(x,-) > —co.

AssuMPTION 2 (CONTINUOUSLY DIFFERENTIABLE Loss Func-
TION). The loss function f(-,-) is continuously differentiable.

AssuMPTION 3 (M-LipscHrTz Loss FUNCTION:). f(-,-) is M-Lipschitz

continuous, i.e., there exists a constant M > 0 such that |f(u, &) —
fv, &) < Mllu—vl|, Vu,v e R, V&

AssuMPTION 4 (UNIFORMLY BOUNDED-SI1ZE GRADIENT:). There
exists a constant M > 0 such that supg ||[Vf(-, &)l < M.
!For simplicity, we assume here that N is divisible by P Note that, with slightly more

cumbersome notation in the analysis, all our proofs and results continue to hold in
cases where N is not divisible by P or unequal distributions.
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ASSUMPTION 5 (L-L1psCcHITZ SMOOTHNESS). The function f(-,-)
is L-Lipschitz smooth, i.e., there exists a constant L > 0 such that
IVf(w &) = V(. &)l < Lllu-v|, Yu,v € R?, V&

ASSUMPTION 6 (BOUNDED DELAY IN ASYCHRONY). The maximum
of random delay t of asynchronous stochastic gradient updates is
upper bounded by a constant A > 0, i.e, T < A.

Several remarks on Assumptions 1-6 are in order. Assump-
tions 1-5 are standard in convergence analysis in the literature.
Assumption 6 is also a standard assumption in the asynchronous
computing literature and holds in most practical computing sys-
tems. We note that Assumptions 3 and 4 share the same constant
M since Assumption 4 is implied by Assumption 3 (but we state
Assumption 4 explicitly for convenience in subsequent analysis).
The bounded gradient norm in Assumption 4 is often guaranteed
by stability-inducing operations, e.g., regularization, projection, or
gradient clipping.

4 SYNTHESIS: DISTRIBUTED MEMORY

In this section, We first propose the SYNTHESIS algorithm for the
distributed memory architecture to handle distributed ML problems
with a large dataset that cannot fit in a single machine’s storage.
We first describe our algorithm in Section 4.1 and then present its
convergence analysis in Section 4.2. Lastly, we will analyze the
generalization performance of SYNTHESIS in Section 4.3.

4.1 Algorithm Description

As mentioned in Section 1, due to the various pros and cons in
“synchronous vs. asynchronous parallelisms,” we pursue a new
semi-asynchronous approach to achieve the best of both worlds in
this paper. Our key idea is motivated by the observation that the
double-loop structure of the state-of-the-art VR-based methods [6,
11, 27] can be leveraged to construct a simple and elegant semi-
asynchronous algorithm. The server and worker algorithms of our
SYNTHESIS are presented in Algorithms 1 and 2. In what follows,
we take a closer look at these two algorithms.

1) The Inner Loop of Algorithm 1 (Asynchronous Mode):
From the Server Code in Algorithm 1, we can see that the inner
loop (Lines 8-9) is executed g — 1 iterations in total. In the inner
loop of the SYNTHESIS algorithm, on the worker side (Steps 3-6
of the Worker Code in Algorithm 2), each worker i independently
retrieves the freshest parameter Xy, from the parameter server
and then randomly selects a mini-batch S of data samples from its
local dataset and computes a stochastic gradient. Also, v,;4 is an
unbiased gradient estimate of Vf(x,;4). Each worker immediately
reports the computed stochastic gradient vyey, to the parameter
server. The parameter server then updates its current parameters
with this stochastic gradient information without waiting for other
workers, hence operating in an asynchronous mode. Note that, while
this worker is trying to send its gradient information to the param-
eter server, the parameter server may have been updated by other
workers with gradient information associated with a fresher x-
value. Thus, this particular worker’s gradient information could
turn out to be “delayed”

2) The Outer Loop of Algorithm 1 (Synchronous Mode): On
the other hand, at the beginning of every timeframe of length g, the
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Algorithm 1: The Parameter Server Code of the Dis-
tributed SYNTHESIS Algorithm.

Input: ¢, K € N
1 fork=01,..,K—-1do

2 if mod(k,q) = 0 then
3 Send a signal to all workers to interrupt all
unfinished computing jobs at each worker.
4 Push x; to all workers.
5 Wait until receiving G](cp ), Vp, from all workers.
6 Compute full gradient vy = Vf(xx) = ﬁ 2521 Gl(cp)
7 Broadcast x,;4 = x§ and v,y = vi to all workers.
8 else
9 Let Vi = Vpew be the feedback from a specific
worker with delays.
10 Update parameter Xg,; = X — V.

Output: x;, where the index { is chosen uniformly at
random from {1,...,K}.

Algorithm 2: The Worker Code of Each Worker p of the
Distributed SYNTHESIS Algorithm.

1 If receiving interrupt signal at any time, go immediately to
Step 2; otherwise, go to Step 3.

2 Receive x; form server. Compute Glip) =2ies, Vf(xk. &)
and send it to the parameter server. Wait and receive x,;4
and v,j4 from the parameter server and go to Step 1. /*
In the following steps, stop and go to Step 2 immediately
upon receiving an interrupt signal from the server */

3 Pull the most fresh parameter of x as X, from server.

4 Randomly select a subset S of samples from Sp,.

5 Compute
Vnew = ﬁ 2ies(Vf (Xnew &i) = Vf (Xo1a, §i) + Vo14) and
send it to the parameter server, which takes combined 7
time-slots in computation and communication.

6 Let Xo14 = Xnews Vold = Vnew, 80 to Step 3.

parameter server executes the outer loop (Line 1-7 in Algorithm 1).
Specifically, the parameter server sends out an interruption signal to
all workers to cancel the unfinished computation at each worker if
there is any (Step 3 in Algorithm 1). Upon receiving the interruption
signal, every worker stops and then retrieves the freshest parameter
Xy from the parameter server and uses all samples in its local dataset
to compute a local full gradient and send the result to the parameter
server (Step 2 in Worker Code in Algorithm 2). The parameter server
collects the gradient information from all workers, hence operating
in a synchronous mode. Finally, the server computes the global full
gradient (Step 6 in Algorithm 1) and sends out the most recent x-
and v-values as x,;4 and v, ;4 to all workers (Step 7 in Algorithm 1),
which are needed for the first variance-reduced operation in the first
iteration of the inner loop (see Step 2 in Algorithm 2). Finally, the
parameter server updates the x-value along the global full gradient
direction (Step 10 in Algorithm 1).

In each iteration, parameter x is updated through the following
update rule: X, = X; — vy, where 7 is a constant learning rate,
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Figure 3: An example of the stale stochastic gradients due to
asynchrony in SYNTHESIS: In the computation of direction
vz (for xi3), stale stochastic gradients corresponding to x7
and x, are used instead of x1; and x11.

v represents the variance-reduced update direction in iteration
k. Following from Algorithms 1 (Step 10) and 2 (Step 5), we can
express the algorithmic update of SYNTHESIS as follows:

= SV f ner ) = VF (ot £) + Vola)

Vi = Vnew = 757
|S| ieS
1
=5 ;[Vf Rk—r (k&) = VF Rt ()= (ko1 (k> &)
+Vk717r(k)], (1)

where the index i denotes the index of a sample, and 7(k) denotes
the delay of stochastic gradient information used to update x in
iteration k (satisfying 7(k) < A for any iteration k). Thus, X_,(x)
denotes the “new” parameter a worker uses to compute the gradient
with delay 7(k) in a worker, and X(x_1_7(k))-r(k-1-7(k)) denotes
the “old” parameter we used to compute the gradient with additional
delay 7(k — 1 — 7(k)) (cf. Algorithm 2).

One important remark regarding the update in (1) is in order.
We note that the algorithmic update in (1) integrates the path of
the {v;} trajectory (hence the name SYNTHESIS), which shares
some similarity with the class of reccurssive variance-reduced gra-
dient estimators in the family of VR methods (e.g., SARAH [17],
SPIDER [6], SpiderBoost [27], and PAGE [14]). Thus, it is insightful
to compare Eq. (1) with these existing works that have the following

recursive form (denoted as “rec”) in the sequence {v](crec) }:

V(o ﬁ D VF G &) = Vo 8+ v @
i€S

The key difference and novelty in SYNTHESIS compared to these
existing recursive VR methods is the presence of stale stochastic gra-
dient information (due to asynchrony) from the iteration k—7(k) and
its previous step in iteration k — 1 — 7(k — 1) (see Fig. 3 for an exam-
ple of stale stochastic gradients in SYNTHESIS). This asynchrony-
induced staleness coupled with the recursive structure render the
algorithm performance analysis significantly more complex and
challenging than the aforementioned existing works [6, 14, 17, 27].
Upon receiving the updated gradient from a specific worker, the
parameter server updates its current parameter with v if in the
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inner loop, or wait until finishing the collection of all workers’
v-values to compute the full gradient and update.

4.2 Convergence Performance Analysis

In this subsection, we first present the main convergence result
of SYNTHESIS under the distributed memory architecture. Due to
space limitation, we provide a proof sketch here and relegate the
proof to the full version of this paper.

THEOREM 1 (CONVERGENCE OF SYNTHESIS FOR DISTRIBUTED
MEMORY). Let f* denote the global optimal value. Under distributed
memory and assumptions 1-6, for some € > 0, P < VN, by choosing
parameters ¢ = |S| = VN and n < m for a given maximum
delay A > 0, the SYNTHESIS algorithm outputs an x; that satisfies
E[||Vf(x§)||2] < €2 if the total number of iterations K satisfies

K= O(M) This also implies that the total SFO complexity is
€
O(VNe 2(A+1) +N).

REMARK 1. Two remarks on Theorem 1 are in order: i) Theorem 1
shows that the output of SYNTHESIS achieves a first-order station-
ary point with total computational complexity O(VNe™2(A+1)+N).
For the special case with maximum delay A = 0, the result of Theo-
rem 1 recovers the total computational complexity O(VNe™2 + N)
of the state-of-the-art synchronous VR-based algorithms [6, 27],
where N is the total training samples. ii) We note that the analysis
of SYNTHESIS is very different from those of the synchronous
VR-based algorithms. From a theoretical perspective, the major
challenge in the proof of Theorem 1 is the asynchrony between
different workers.

PRroOF SKETCH OF THEOREM 1. Here, we provide a proof sketch
due to space limitation. To prove the stated result in Theorem 1,
we start with evaluating E[||V f(x;) 1?1 (£ is chosen uniformly at
random from {1,...,K}). Following the inequality of arithmetic
and geometric means, we have:

E[IVf(x)I2] = B[V (xg) = vg +vell’]
< 2E[|IVf(xg) = velI*] + 2E[IvgII?]. 3)

Next, we bound the terms E[||Vf(x;) — vév||2] and E[||vgv||z] on
the right-hand-side of (3) individually.

Step 1) Bounding the gradient estimator bias E[||v; — Vf(x;) 1]
Toward this end, we first bound the distance between the local
update direction and the node-average gradient direction E[||vy —
ﬁ Zl{il Vi (Xk—z(k)> £)|1?] of the inner loop. Let ny. = [k/q] denote
the epoch index that iteration k belongs to (ie., (ng —1)g < k <
ngq — 1). Then, from the inner loop operations, we can show the
following relationship:

E[ 2] < Lp’(A+1)
N

N
1
Vi~ N ; Vf(Xk—z(k)» &i)

k—1-7(k) 1 N 2
> BT E| g - 5 2V Cieng 8] |
Jj=(nk-1q i=1

By using 5 defined later in Step 2) and the bound on Zﬁ‘ll E[llvill?],

we can further bound E[”vév - Vf(xgv)HZ] as:
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2L2(A2 + q(A+1)) 3

E[||v§—Vf(xg)||2] < 5 ol +2| i+
2p2, AA+D o[ f(x0) - f”
2L (A" + 5 Wi KB, ] 4)

Step 2) Bounding the second moment of the moving direction
E[||v§||2]:Consider the termE[||V§||2] in (3). To evaluate ]E[||v§||2],
we start from the iteration relationship of our SYNTHESIS algo-
rithm. From the L-smooth assumption, it can be shown that:

2
£ 05 < F o0+ 2=V s - 2= 5wl 9

It follows from (5) and inductively bounding E[ f(xz,;)] in the
inner loop (ng —1)q < k < ngq — 1 that:

k

L 2
Bl (xea)] < BIf Rueyg)] + . neb = [2 - 2
i=(nk-1)q
k
A+1
et eal] Y Rl @
i=(nk-1)q

Next, letting 1 = [— - ;72 - L%f(% + A?)] and inductively

using (6), we can further drive the final upper bound of E[ f (x41)]

as: B[f (xx)] = E[f(x0)] < = ZEG (BELIIvill*]) + Knef, which
further implies that:

K-1
E[f(x)] -E[f(x0)] < Z(ﬂﬂE Ivill*]) + Knef. (1)
i=0

Rearranging terms in (7) yields:

f(x0) = f*
Elflve|'1 = ZEH i s v g ®

Step 3): By combining results in Steps 1) and 2) and plugging
them into (3), we arrive at:

E[HVf(x§)||2] < ﬁ (17+2L2 (A q(A|;|— 1))17 )+4] ef

412 (A2 4 9(AFD n?
N Kﬁl's') t | o = )

Lastly, we choose the following parameter:g = VN, S=VN, n<
m. Plugging the above parameters in the definitions of f1, we
obtain that:
Ly? A+1
pr=l Iz (aAtD)
2 2 [S]

For mod(k, q) = 0, we have E[ Vi = V£ (xp)2 ] = 0. Then, after
K iterations, we have:

+ Az) > 0. (10)

2 (942 +17A +9) (f(x0) = f*)
E[|Vf(xo)|" ] < 16L(A+1) RISV

Solving for K to to ensure that E[ ||Vf(x§)||2 ] < €2, we have
(f(x0) = f)(A+1)

€2

K=0
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This completes the first part of the theorem.

Lastly, to show the SFO complexity, note that the number of
SFO calls in the outer loops can be calculated as [%]N . Also, the
number of SFO calls in the inner loop can be calculated as KS.
Hence, the total SFO complexity can be calculated as: |'§'|N +K-S <

%N +KVN = KVN + N + KVN = O(VNe2(A +1) + N). This
completes the proof. O

4.3 Generalization Performance Analysis

After studying the convergence performance of SYNTHESIS under
the distributed memory architecture, in this subsection, we turn
our attention to the generalization performance of SYNTHESIS
under distributed memory, i.e., how accurate a model trained by
SYNTHESIS is when it is fed by new data outside of the training
dataset. Formally, generalization error can be defined as follows. Let
Fn (%) = min, cpa % Zfi 1 f(x;&;) represent the finite-sample em-
pirical risk minimization (ERM). The minimum empirical risk above
is a sample-average proxy for the minimum population risk, i.e.,
F(x) = min, pa Ege p f(x; £), where the sample ¢ is drawn from
an underlying latent distribution D. Let A represent an algorithm
(A could potentially be randomized) and let S represent a training
dataset used by A. Then, the generalization error of the algorithm
A can be defined as the gap between the ERM problem and the
population risk minimization problem: |[Eg o [Fn[A(S)] —=F[A(S)]].
Our generalization analysis is based on the notion of algorithmic
stability [9], which is restated as follows:

DEFINITION 1 (ALGORITHMIC STABILITY [9]). Let S and S’ be
two datasets that differ by at most one element. For ¢’ > 0, an algo-
rithm A is said to be €’ -uniformly stable if supge p Ea [f(A(S);¢) -
F(A(S"); 6)] < €, where D is the distribution of data sample &.

It is shown [4] that if an algorithm A is €’-uniformly stable, then
the average generalization error of Ais bounded as |Es 4 [FN [A(S)] -
F[A(S)]]] < €’. Here, our goal is to study the stability of SYNTHE-
SIS under the distributed memory architecture. Recall that the
update rule for SYNTHESIS is given by

Xk+1 = Xk — Vi

1
=% =N ) (Vf Rk &)
|S| ieS
= VI (Xk—r(k) 1=z (k=r(k)=1)> &) + Vic1-r(k))-

Consider two datasets S = {1, &, ..., én} and S” = (§{§é ’g’l’v)
that differ by at most one sample. The next two theorems state our
main results on algorithmic stability (or equivalently, generalization
error) of SYNTHESIS for convex and non-convex loss problems,
respectively. Due to space limitation, the proof details are provided
in the online technical report of this paper [16].

THEOREM 2 (ALGORITHM STABILITY). Under assumptions 1-6, the
distributed-memory-based SYNTHESIS is (2nM*K? + (2M%K?n) /N)-
uniformly stable. In addition to the above conditions, if f(x;&;) is
quadratic and pi-strongly convex, the distributed-memory-based SYN-
THESIS is (2pM?K) / N-uniformly stable.

REMARK 2. Two remarks on Theorems 2 are in order: i) Although
seemingly ideal, the quadratic strongly convex and smooth setting
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remains of practical interest. For example, the square loss and linear
learning model naturally fits the quadratic strongly convex and
smooth setting. On the other hand, many other learning problems
nowadays (e.g., deep neural networks) adopt highly non-convex
models, which can be covered by the result in Theorem 2. ii) The
distributed-memory-based SYNTHESIS under both convexity set-
tings generalizes better as the number of training data samples N
increases or as the learning rate 1 decreases. Since a small learning
rate implies slower convergence, there is a fundamental trade-off
between training convergence speed and generalization performance.
Furthermore, the stronger convexity condition leads to tighter sta-
bility bound (i.e., generalizes better).

We note that our generalization analysis offers the first the-
oretical understanding of generalization performance for semi-
asynchronous variance-reduced learning algorithms. Our proof
technique is different from existing works. The conventional idea
used in existing works is to analyze the difference between ||xz,; —
X]IC+1 || and ||xx — x]'c||, where k and k’ denotes the outputs of the
algorithm on datasets S and S’, respectively. In contrast, our proof
technique in Theorem 2 is inspired by the linear control system anal-
ysis, where we analyze the difference between 641 = X1 — ;|
and & £ x; — X]’C directly. This helps us obtain a tighter stability
error bound in Theorem 2. Also, the variance reduction component,
the asynchrony in the algorithm, and the non-convexity also create
challenges in analyzing the stability performance of SYNTHESIS .

PrRoOOF SKETCH OF THEOREM 2. Due to space limitation, we pro-
vide a proof sketch here and refer readers to our technical re-
port [16] for details. Let S = (&1, &, ..., {n) and $" = (&1, &, ..., &)
be two adjacent datasets that differ by at most one element. Define
O = X — X]/C' Next, we structure our proof in several major steps.
We let xg = x; and start with evaluating E[544].

Step 1) Simplifying the expression of d..1: Since vy is an unbiased
estimate of Vf(x¢_r(x)), we have
E[0k41] = Elxg41] — E[X;/CH]
E[Sk] = n[E[v] - E[v;]]
=E[6] - n[EIVf (Xk—r(x))] - E[Vf(x;c_f(k))]]-

At Step k, with probability 1 — #, the sample is the same in S and
S’. Also, with probability %, the sample is different in S and S’.
Based on the update rule of v, we have:

N
B0 Ger ) < 5[ |00 - 1% Y. 75kt 0
i=1
1 N ’ 1 ’
+ Wﬁ Z Vf(xk_f(k)) &)||| +E Hﬁnvf(xk—r(k)’ &)
i=1

(@)
| € eticaon +emi+ 22, an

1
- N"]Vf(xl’c—r(k)’ g,/)

where (a) follows from the bounded gradient assumption.

Step 2) Bounding the error E[||8r41]|]: For those k-values that
satisfy mod(k, ) = 0, we have |5yl = lxksr - x|l < 5] +

%. Also, from (11), we always have ||0g,q || < ||0k|l +2nM + %
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for mod(k,q) # 0. By applying this bound inductively, we can
bound Jy,; using the total number K iterations as:

2nMK
E[8k 1] < 20MK + . (12)

Step 3) Bounding the €’-stability of SYNTHESIS in the non-convex
case: Lastly, it follows from the definition of algorithmic stabil-
ity and the M-Lipschitz assumption of the loss function that our
SYNTHESIS algorithm has the following stability error bound:
2nM?K
¢ < M-E | Sicar |I< 2pM?K + ”T
This completes the proof of stability bound with the non-convex
loss function of Theorem 2. Next, we will provide the proof of the
condition with quadratic strongly convex loss function.
Step 4) Simplifying the expression of 8y : Since vy is an unbiased
estimate of Vf(xx_;(x)), we have:

E[S+1] = Elxps1] - Elxp,,]

E[8k] = n[E[vk] - E[v]]

E[6k] = n[E[Vf Rk—r ()] = E[VF (%G _p (1)]]-

At Step k, with probability 1 — 1/N, the training sample is the same

in S and §’. On the other hand, with probability ﬁ, the training
sample is different between S and S’. Next, we define

& £ B[onV Ay 60) = 31V (g ED)]-

Based on the update rule of v and the quadratic property, we can
show that:

1 N 1 N

B(de1) < B[(B) =1 D,V ((kmriion &) + 15
i=1 i=1

V(g 0] + B[ 519100 = o1

VA k) EN)| <E[(8k) — nA(Sk—r(x)) ] +€”- (13)

Step 5) Bounding E[||6x411l]: A key novelty in theoretical anal-
ysis of this paper is that, based on the relation between E[d],
E[Sk-7(k)], and E[Jp41] proved in Step 1), we transform the prob-
lem to a linear control system, which lifts the state space into a
higher dimensional space to bound E[||dr|] as follows:

s 10 -~ —pA 0 5 .,
k+1 1 0 --- 0 0 k €
Ok S ] Sk 0
=|. . . . . +|...
Sk—r(k)+1 Sk—z(k) 0
Sk—r(k) 0 o0 ... 1' Sk—r(k)-1 0
Q

For convenience, we define the coefficient matrix as Q. We then
show that the maximum eigenvalue of Q satisfies max(Ag|) =

. i . . 29M
1 after some algebraic manipulations. Since |[¢”’|| < UT for

2nM
mod(k,q) # 0 we have: E[||6x11l] < E[lI6cll] + UT For those
k-values that satisfy mod(k,q) = 0, we can also show || 1]l =
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2nM . . . .
%1 — %, N < N0kl + <17 By applying this bound inductively,
we can bound 6y, ; using the total number K iterations as:

2nMK

Elldenlll = —5— (14)

Step 6) Bounding the €’-stability of SYNTHESIS in the quadratic
strongly-convex case: Lastly, from the definition of algorithmic
stability and the M-Lipschitz assumption of the loss function, our
SYNTHESIS algorithm has the following stability bound:

2nM?K
¢ <M-E| 6ga ll< ’7N . (15)

This completes the proof of Theorem 2. O

5 SYNTHESIS: SHARED MEMORY

In this section, we turn our attention to the SYNTHESIS algorithm
for the shared memory architecture. We will first describe our
algorithm in Section 5.1 and then present its convergence results in
Section 5.2. Lastly, we will analyze the generalization performance
of SYNTHESIS for the shared memory architecture in Section 5.3.

5.1 Algorithm Description

Recall that the shared memory architecture usually models cases
where a single machine with multiple cores/GPUs sharing the same
memory. In the shared memory architecture, we have the parameter
x stored in the shared memory space, and there are P threads that
can access it. Each thread reads the freshest value of x, denoted
as Xpew, from the shared memory. Then, each thread randomly
chooses any mini-batch S of samples and locally computes a sto-
chastic gradient

1

] Z(Vf(xnew, &) = Vf(Xo1d5 &) + Void)-

ieS

All threads are allowed equal access to the shared memory and can
update each individual component at will. Each thread updates its
current parameters based on the asynchronous stochastic gradient
information. Note that, while a single thread updates the parameters
in the shared memory, the parameters may have been updated
by other threads with their stochastic gradient information based
on more recent x-values. Hence, this update could turn out to be
“delayed” To avoid race conditions in the shared memory, only
a single coordinate of x can be updated at a time [20]. Let [a];
represent the i-th index of vector a. Hence, in each iteration, the
update of parameter x can be written as follows:

[Xk+1]mk = [Xk]mk - U[Vk]mk:

where my € {1, 2, ...,d} represents the updated coordinate in x in
iteration k, 7 is a constant learning rate, v represents the variance-
reduced gradient, which can also be written as following similar
arguments as in Eq. (1):

1
k= 5] Z(Vf(xk—r(k)a &) = V(X (k) - 1-2 (k- (k)-1)> §i)
ieS
+ Vioi—r(k))-
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Algorithm 3: The SYNTHESIS Algorithm for the Shared
Memory Architecture.

Input: ¢, K € N
1 fork=01,..,K-1do

2 if mod(k,q) = 0 then
3 Compute full gradient
Vi = V() = 5 I, VS G &)
4 Set X4 = Xg and vy = V.
5 Send a signal to all threads to interrupt all
unfinished jobs at each thread.
6 else
7 /* Parallel Computation on muliple Threads: */
8 If receiving interrupt signal at any time, go
immediately to Step 9.
9 Read the parameter x,;4 and v,;4 from the shared
memory. Set the most fresh parameter of x as Xpe.
10 Select a subset S of samples from N samples
uniformly at random.
11 Compute Vypeyy =
157 Zies (Vf (Xnew &) = Vf (Xo1d: &) + Vola),
which takes combined 7 time-slots in computation
and communication.
12 Let Xy14 = Xnew and Voig = View-
13 Select my. from {1, ...,d} uniformly at random; Update
(X Dmi = (Xpmy = 1(Vo1d)my-

Output: x;, where the index { is chosen uniformly at
random from {1,...,K}.

We illustrate the SYNTHESIS algorithm for the shared memory
architecture in Algorithm 3. Note that, compared to the shared-
memory SYNTHESIS algorithm, the algorithmic structure of Algo-
rithm 3 is similar. The major differences are: i) there is no separation
of server and worker codes due to the fact that only a single ma-
chine executes the code; and ii) only one coordinate can be updated
at a time to avoid race conditions (cf. Step 13).

5.2 Convergence Performance Analysis

In this subsection, we first present the main convergence result of
SYNTHESIS under the shared memory architecture in Theorem 3.
Due to the similarity to the proof of Theorem 1 and space limitation,
we omit the proof here and relegate the proof of Theorem 3 to our
online technical report [16].

THEOREM 3 (CONVERGENCE OF SYNTHESIS FOR SHARED MEM-
ORY). Let f* denote the global optimal value. Under shared mem-
ory and assumptions 1-6, for some € > 0, by choosing parame-
tersq = |S| = VN and n < m for a given maximum de-
lay A > 0, the SYNTHESIS algorithm outputs an x; that satisfies

E[||Vf(xgv)||z] < €2 ifK = O(M) which also implies an

€2

O(VNe2(A +1)d + N) total SFO complexity.

REMARK 3. The computational complexity results in Theorem 3
has an extra d-factor compared to that in Theorem 1. This is be-
cause, under the shared memory architecture, one is allowed to
read and write only a single coordinate of x at a time to avoid
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race conditions, i.e., the update rule of parameter x is (Xg41)m; =
(X )my =1 (Void)my» where my € {1,2, ..., d} is a randomly selected
updated coordinate of x in iteration k. Thus, we have E[ || [xf41] me—

(xk)mi1] < SE[Voralm, I?] rather than B[[|xgy; — xil|*] =
E[||7v,14lI?]. This is the intuition behind the existence of an extra
d-factor in the stated results in Theorem 3.

5.3 Generalization Performance Analysis

In this section, our goal is to study the algorithmic stability of
SYNTHESIS under the shared memory architecture. Recall that the
update rule of SYNTHESIS for shared memory is given by

[ =m0V = = [ Gt il
ieS

= Vf ez (k) - 1=z (k=1 (k) ~1)> EDmye + (Ok—1-2(k) ) )
where my € {1,2,...,d} is the updated coordinate in x in iteration
k, and we run the update iteratively for a maximum number of K
iterations. We consider two adjacent datasets S = {&1, &2, ..., N}
and §” = (&1, &5, ..., £};) from the same space, which differ in at most
one element. For the shared memory architecture, we obtain the
following main result on the algorithmic stability (or equivalently,
generalization error) for SYNTHESIS :

THEOREM 4 (ALGORITHM STABILITY). Under assumptions 1-6, the
shared-memory version of the SYNTHESIS algorithm is ((2pM*K) /Vd+
(ZMZKU)/N\/E) -uniformly stable. In addition to the above conditions,
suppose that the loss function f (x; &) is quadratic and yi -strongly con-
vex. Then, the shared-memory version of the SYNTHESIS algorithm
is ((2nM2K) /NVd)) -uniformly stable.

REMARK 4. Theorems 4 provides the algorithmic stability results
for both quadratic strongly-convex and non-convex settings. The
proof techniques are similar to those of Theorem 2, and we omit the
proofs here for brevity. We can see that the stability error bounds
in Theorems 4 have an extra (1/Vd)-factor compared to those in
Theorems 2. This is because the shared memory architecture only
allows reading and writing a single coordinate of x at a time to
avoid race conditions. Therefore, we have

E[”[Vf(x;c,f(k)’gi)]mk - [Vf(xl/cfr(k)’ §;)]mk||] ad

< —,
Vd

hence the existence of an extra (1/Vd)-factor. This extra (1/Vd)-
factor in the denominator implies that, as the larger the dimension-
ality d increases, the generalization performance of our SYNTHESIS
algorithm becomes better in the shared memory setting.

6 NUMERICAL RESULTS

In this section, we conduct numerical experiments to verify our
theoretical findings of the SYNTHESIS algorithms under distributed
memory and shared memory architectures, respectively. First, we
will test the convergence performance of SYNTHESIS under the
distributed memory architecture and the shared memory archi-
tecture. Then, we will illustrate the generalization performance
via simple logistic regression using the Breast-Cancer-Wisconsin
dataset. In particular, we evaluate and compare the generalization
and convergence performance metrics with two state-of-the-art
algorithms in asynchronous first-order methods:
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Figure 4: The convergence performance of SYNTHESIS .
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Figure 5: The convergence performance of different algorithms.

e Async-SGD [31]: This algorithm has a single-loop architecture,
where each worker randomly picks a mini-batch from its local
dataset at each iteration to compute a stochastic gradient and
updates the parameter server in an asynchronous fashion. Here,
the maximum delay due to asynchrony is chosen to be the same
A as that in the simulation of our SYNTHESIS algorithm.

o Async-SVRG [10]: This method has a double-loop architecture
and employs unbiased gradient estimates. At the beginning of
each outer loop iteration, a full pass over all N training samples
is used to compute a full gradient. This full gradient is then used
in its associated inner loop to adjust the stochastic gradients.

1) Experiment Settings: For the distributed memory architec-
ture, we conduct experiments on the Amazon Web Service (AWS)
platform. There are four workers and one parameter server. For the
shared memory architecture, we conduct experiments on a single
machine with multiple cores. We leverage OpenMPI (Message Pass-
ing Interface) to facilitate the shared memory parallelism. There
are four threads in the platform working in this experiment.

We use a pre-trained convolutional neural network (CNN) model
with the CIFAR-10 dataset [1] and MNIST dataset [13]. We randomly
select a subset of dataset with a varying size N as the training
dataset and fix the step-size at y = 0.1 and choose the mini-batch
size as [VN]. In the CIFAR-10 dataset, each sample is of dimension
d = 384. Thus, we construct a fully connected three-layer (384 x
100 X 10) neural network with the ReLU activation function and
the Softmax loss function while training CIFAR-10. In the MNIST
dataset, each sample is a vector of dimension 784. Thus, we build a
fully connected three-layer (784 x 100 X 10) neural network with
the ReLU activation and the Softmax loss for MNIST.

2) Numerical Results: We first examine the convergence of
the training loss value of the SYNTHESIS algorithms with differ-
ent training dataset size N and different values of maximum de-
lay A on each worker. Fig. 4(a) illustrates the convergence perfor-
mance of training loss value with respect to the running time of the
distributed-memory version of the SYNTHESIS algorithm with dif-
ferent N and A values, while Fig. 4(b) illustrates the performance of
the shared-memory version of SYNTHESIS. It can be seen that as N
or A decreases, the convergence rates of both distributed-memory
and shared-memory versions of the SYNTHESIS algorithm increase.
This is consistent with our theoretical algorithm complexity results.
Note that the above algorithm complexity results imply an O(1/K)
convergence rate, which can also be observed in Fig. 4. This be-
havior makes intuitive sense because a larger number of training
samples implies a heavier computation load. Also, a larger max-
imum delay value of A results in more stale stochastic gradient
information, and thus inducing a negative impact on the conver-
gence rate performance. Fig. 5 illustrate the algorithms comparison
results under both distributed and shared-memory architectures.
We plot and compare the performances of Async-SGD, Async-SVRG,
and SYNTHESIS . We choose the same starting points for all algo-
rithms, which are generated randomly from a normal distribution.
Specifically, we choose a constant step-sizes 1072, training sample
size N = 5000, and mini-batch S with |S| = [VN]. Fig. 5 show that
SYNTHESIS has a faster convergence than both Async-SGD and
Async-SVRG. In the CIFAR-10 dataset case under distributed mem-
ory system, we can see that SYNTHESIS needs around 1.5 x 10*
steps to achieve the same loss as the Async-SVRG algorithm after
running 2 x 10* steps. Since we use the same length of training
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Table 1: Algorithms stability comparison.

System Async-SGD | Async-SVRG | SYNTHESIS
Distributed Mem. | 6.0 x 102 7.6x 1072 83x107%
Shared Mem. 5.1%x1074 6.2x 1074 6.7 % 1074

window and batch size in SYNTHESIS and Async-SVRG, SYNTHE-
SIS has lower sample complexity than Async-SVRG. Similar results
can be concluded in other cases in Fig. 5.

For the algorithms generalization performance, we set datasets
that differ only by one sample based on the definition of algorith-
mic stability. To do so, we first choose a subset S of samples from
the entire dataset and then construct a perturbed subset S’ by re-
placing the last sample in S with a randomly selected sample from
the whole dataset. Finally, we run our optimization algorithms to
compute the normalized Euclidean distance between x; and x; .
Table. 1 illustrates the algorithmic stability results of different algo-
rithms with 103 training iterations. Table 1 shows a slightly worse
stability performance (an approximate 10~ gap with 103 iterations)
than SGD and a similar stability performance as that of Aysnc-
SVRG. The results show that Async-SGD has the smallest bound
on the algorithmic stability, implying better generalization. This
is consistent with the widely observed generalization robustness
of SGD (see, e.g., [3]). Moreover, the performance of SYNTHESIS
under distributed memory is worse than that of the shared memory
architecture, which again confirms our theoretical findings.

7 CONCLUSION

In this paper, we proposed an algorithm called SYNTHESIS (semi-
asynchronous path-integrated stochastic gradient search) for non-
convex distributed learning under distributed memory and shared
memory architectures in computing clusters. We showed that our
SYNTHESIS algorithm achieves O(VNe 2A+N) and O(VNe 2 Ad+
N) computational complexities under these two architectures, re-
spectively. We also provided the stability error upper bounds for
the SYNTHESIS algorithm under distributed memory and shared
memory architectures. We showed that smaller step-size and more
training samples improve the algorithmic stability, while larger
maximum delays in asynchronous updates have a negative impact
on the convergence performance. Collectively, our results in this
work advance the understanding of the convergence and general-
ization performances of semi-asynchronous distributed first-order
variance-reduced methods.
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A CONVERGENCE ANALYSIS OF SA-SPIDERBOOST FOR DISTRIBUTED MEMORY

To prove the stated in Theorem 1, we first prove a useful lemma.

LEMMA 1. Let all assumptions hold and apply SA-SpiderBoost in Algorithm 1 and Algorithm 2, if the parameters n,q and S are chosen such

that

Ln? qg(A+1)

L7 2,3 2
27 _ _ 16
Pr2s - = - L’ 5 +4%) >0, (16)
and if for mod(k, q) = 0,we always have
E”Vk - Vf(Xk)Hz < 6%, (17)
then the output point x; of SA-SpiderBoost satisfies
20A2 4 9A+D 2
A+1) ALY(AT+ Tt g ,
Ellv L (neal2(A24 q( 3y44] €2 _ ) (18)
Vs eIl < [ (2L o me+ G i |0 =17)

A.1 Proof of Lemma 1

ProOF. In Lemma 1, we aim to bound E”V f (x§)H2, where { is chosen from {1, ..., K} uniformly at random. Following the inequality of
arithmetic and geometric means, we have:

BV pll* = BV S (x) = vg + v < 2Bllve | + 2BV () - vel[” (19)
Next, we bound the terms E Hvév”2 and E ||V f(xg) - ng”z on the right-hand-side of (19) individually.

To evaluate E ||V f(xg) - 2, we start from the iteration relationship of our SA-SpiderBoost algorithm, for which we have:

1 N 2
E|jvk - N Z Vi (x &)
i=1
(a) 1 N 2 1 N 1 N 2
< 2Elvi - Z Vf ket SN+ 2B] Z Vf Gkeey &) = 5 0 Y e )
i i i=1

(b)
< 2E|vg - — ZVf(Xk (k)> §z)|| + 2L7E||xk—7 (k) —XkH
i=1

'ZE”"’«‘—ZW (xke(y, &)+ 2L°E] Z (o1 = %))

Jj=k-(k)

< ZEHvk——ZVﬂxk (i & + 2020 Z E[|(xje1 = x|
Jj=k- r(k)

D sB|lvg - = ZVf(xk ey & + 21202 Z (20)
Jj=k=(k)
where (a) follows from the triangle inequality, (b) follows from L-smooth property, (c) is due to the triangle inequality and the maximum
delay is A, and (d) uses the condition of update rule.
Next, we bound the terms ]EHvk - % Zfi 1 Vf (Rk—r (k) §i)||2 on the right-hand-side of (20), which denotes the distance of the inner loop.
Let ny. = [k/q] such that (ng — 1)q < k < niq — 1, we have

N
Bllvi = " VF eterirs
i=1

N
a 1
g~ 5] D IV Otk &) = Y (4 () phmtortios ) = N Z V(K- (k) &)

ieS

N

+ _va(xk Na——— 3 | +E|||S| Z [Vi-1-z(k) ZVf(xk—1—f(k>—fk—1—r<k>"fj)]”z
ieS Jj=1

() 1

= 5P ZE” VI (ke (ks &) = VI (g1 () phr-r 005 ) | ZVf(Xk «(k)> &)

ieS
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N N
1 1
*N D Vg kret EDI + BV 1o i) - N DI A{C . )
=1 i=1

J
(c) 1 2
<SP DBV e (i), € = VI (K 1) htovt0, 0|
ieS

N
1
+E||vi-1-r (k) — N Z VI (Kp_1—r (k) k1200 &)
i=1

(d) 12 2 1 2
< W Z Eka—T(k) = Xp—1-7(k)—gk-1-7(k) || + E”Vk—l—r(k) N Z Vf(xkilff(k)irk,lf,(k), §1)||
ieS i=1
L2 2 k-7t(k)-1 1 N
CEE Y il BN~ S ket B
i=k—7(k)-1-7(k-7(k)-1) i=1
() 122 k-t(k)-1 LN
<@+ > BVl + Bllvics-ri = 57 2, VS Gkargigebrrin, B (21)
i=k—7(k)-1-7(k-7(k)-1) i=1

where (a) follows from the gradient update rule
1
Vi = 5] Z(Vf(xk—r(k), &) = VI (Rp_q— g (k) —gk-1-20)5 §i) + Vi—1-2(k))»
ieS

and Lemma 1 in [6], (b) and (c) use in [6, Appendix A.3], (d) follows from the Lipschitz continuity of Vf(x), (e) is due to the condition on
update rule, and (f) follows from the maximum delay is A.
Since vg_i_;(k) are generated from the previous step. Telescoping g iterations, we obtain that:

N 22 k—1-z(k)
1 L A+1
Eljvi - N Z V1 Rk (i) £ S% Z Ellv,
i=1 j=(nk-1)q
1 & 2
BV -1g = 5 2, Y G 87 (22)
i=1
By combining (20) and (22), we arrive at:
1 N 2
Bllvi = 5 2 VS (e 60
i=1
a22(a+1) TGP 1 &
SRS w2 ineng - 2 Y S O
j=(nk-1)q i=1
k-1
ISR S 11 (23)
j=k-1(k)

Next, we continue to bound the other term E ||V§H2 on the right-hand-side of (19). By Assumption 5, the entire objective function f is
L—smooth, which further implies

F(Xpear) < f(xp) +(VF(Xp), Xpewr — %) + g”xkﬂ - x|
2
@ px) = (V50 ve) + 2 i
2
= FO0) = (T 05) = v wie) = vl + < v

(b) 2
< fos) + 2w = V5 o0l = 2 = =)l (29
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[l +ly 12
2

where (a) follows from the update rule of SA-Spiderboost, (b) uses uses the inequality that (x,y) < ,for x,y € R%. Thus, we have

2
B (o) < BF k) + Bl = V7 00| = (2 = “ B P

@p 2Lp2(A+1) FEW 1Y
<o >, BN+ 2l g - szf(x(nk—l)qs &l
j=(ne-1)q i=1
2 2 S 2 n_Ly® 2
vel’n’a 0 B - (G - OB+ Bf G
jek=(k)
k—1-7(k) k-1
(b) Len°(A+1
Las) - (- gl ent s ELEED ST gyt ertpa 3w
J=(n=1)q jek=(k)
k k-1
L2P(A+1
<Ef(xk)—(———)EH ell? +ne + % Z E|v,|* + L%7°A Z E|v|, (25)
J=(n=1)q jek= (k)

where (a) follows from (20), (b) follows from the E”V(nk,l)q - Vf(X(nk—l)q)Hz < e%. Next, telescoping (25) over k from (ny — 1)q to k,
where k < ngq — 1, we have:

(@ P & k
Bf(xkat) <Bf Xme-nng) = (3 - =5) >, Elwilf+ 30 ne
i=(ng-1)q i=(nk-1)q
L2p3(A+1) k / 2 L G 2
+ — vil|" +L%np Vi
B0 SN e Y S s
j=(ni—-1)qi=(ng-1)q j=(nk-1)q i=j-7/
®) P & k
SEf () = (=), Elilfe 3L nd
i=(ng-1)q i=(ng—1)q
L’ (A+1) S g 2 12 342 ¢ 2
v 2 2 EllPertat X0 el (26)
j=(n-1)q i=(nx-1)q i=(nk—1)q
where (a) follows from (25), (b) extends the summation of second term from j to k. Further relaxing (26) yields:
(a) k k
Ef (Xks1) < Bf (X(np-1)q) (——— DU oENIF+ D g
i=(ng-1)q i=(ng-1)q
LP(A+1) < K
e I L R D ¥
i=(ng-1)q Jj=(ne=1)q
k 2 k
L A+1
T Y L e TS| DY
i=(ng-1)q i=(ng—1)q
k
Bl K-l = Y. (BE|Nl* - ned), (27)
i=(np—1)q

where (a) follows from the fact that k < nyq — 1. Then, by telescoping, we can further derive:

Ef (xk) - Ef (x0) =(Ef (xq) — Ef (x0)) + (Ef (x2¢) — Ef (xg) + ... + (Ef (xk) — Ef (X(s-1)¢)))
2gq-1

@ 5
< = Y BENI ~ned) - Z(ﬁIEIIVzI - n2e}) -
i=0

K-1 7
> BEE - Leh

(nk-1)q

K-1
=- Z (ﬂlE”Vi”z - ned)
iz
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K-1
== > (BiE[vi|*) + Kné?,
i=0
where (a) follows from (27). Since Ef (xg) = f(x*), then we have:
K-1
Ef(x') ~Ef (x0) < - ) (BE|Vi[[*) + Knel.
i=0

By rearranging (29), we have:

K-1
1 f(xo) - f
E| 2 E
vzl = 2, [vil[* < T ﬁl e
It then follows that:
1—gt
@ zL”(AH)“f LN
E“V§ Vf(X§)||2 ’”T Z E”vj||2 + ZEHV(ng—l)q -5 Z Vf(x(ng—l)qa §z)||2
j=(ng-1)q i=1
-1
val AR Y By
j=¢-1¢
(b) 2L%p%(A +1 ’-1
IR e o |
Jj= ("z g i={—1¢
2L%n%(A +1 -1
S%E Z Ellv, | + 2} + 2L77* AR Z E|vi|/
j=(ng-1q i={— e
(© 2L2n? (A4 1) mrnQatETL -1
< %E Z E|vi|[* + 262 + 2L2p* AR Z Efjvi[f
i=(nz=1)q i={-1%
(d) 9 21 2Ln"(A+1) (A+1)
Z S Bl v 26+ Zsz 2B
2.2 K-1
= (M +2L2172A2)l Z E“Vj||2 + 26%
IS K &4
)\,03
(e) ZLZ(AZ + q(lAS"l'l )'7 9 9,2 q(A+ 1) f(XO) f
< 5 +2lef + 20207+ T 2] o !

(28)

(29)

(30)

(1)

where (a) follows from (23), () follows from (17), (c) follows from the definition of n;, which implies {’ < min{(n;)q—1,K — 1}, (d)follows

from the fact that the probability that n; = 1,2, ..., nk is less than or equal to % and (e) follows from (30).
By combining (30) and (31), we arrive at:

E[VFexpIf < 2E[VF(xp) = ve[* + 2E]ve |

2L2(A2 q(A+1))’7 e

2 2,02, QA+ 5 f(x0) = f
<2{| 5 +2]ef + 203 (A% + § n?| X, I}

[f(Xo) f e
Kp ﬂl
(A+1)\ 2

_r2 2,02, QA+T) 5 2 4L% (A7 + 1 ST )7 "
_[‘8—1(77-{—2]4 (A +T)I] )+4]€1+[ Kﬁl +K—ﬁl](f(x0)—f)

This completes the proof of Lemma 1.

With Lemma 1, we are in a position to prove the result in Theorem 1. Setting the parameters

1
q=\/ﬁ, S=‘/ﬁ, n=

4L(A +1)’

(32)

(33)
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we obtain:
Ln? A+1 1 14A% + 26A + 10
gl BB e ~ 2 34
2 2 |S| 8L(A+1) 16(A +1)
For mod(k, q) = 0 we have E”Vk - Vf(xk)”2 = 0. Then, after K iterations, we have
2 9AZ +17A+9
E[[VFeep” < 16L(a+ 1) (f(x0) = f*). (35)

K- (7A%2 +13A +5)

To ensure EHVf(xév)” < ¢, it suffices to ensureIE,”Vf(xév)”2 < €2. Solving for K yields:

K =16L(A+1)

9AZ +17A +9 . f(xo) - f*
- =0(————).
T s 3a 1) X0 =) (=)
Lastly, to show the SFO complexity, we note that the number of SFO calls in the outer loops can be calculated as: [%]N . Also, the number
of SFO calls in the inner loop can be calculated as KS. Hence, the total SFO complexity can be calculated as: [%]N +K-S< %N +KVN =
KVYN + N +KVN = O(VNe (A + 1) + N). This completes the proof.

B GENERALIZATION ANALYSIS OF SA-SPIDERBOOST FOR DISTRIBUTED MEMORY

B.1 Proofs of Theorem 2
Recall that update rule for SA-SpiderBoost for distributed-memory system is given by:

1
Xkt =Xk =75 Z(Vf(xk—r(k)a &) = VI (k—r(k)—1-t (k- (k)=1)> §i) *+ Vk-1-7(k))- (36)
ieS
Sand S’ are two data sets such that S and S differ in at most one example, where S = (&1, &, ..., €n) and §” = (], &, ..., §1’V) Let 8 £ xi —xl’c.
Suppose xg = X;.
Now, taking expectation of 8, with respect of the algorithm, we get

E(Sk+1) = E(xe1) — E(xp,y) = E(Sk) — n[E(vg) —E(v))]. (37)
Since we vy is the unbiased estimated of Vf(xj_.(x)), we have
E(Sk+1) =E(Sk) = n[E(Vf Kk-r(k))) = BV (x5 _ )] (38)

At Step k, with probability 1 — 1/N, the example is the same in S and S’. With probability ﬁ the example is different in S and S’. Define
& £ E[SnVF (5 g &) ~ FnVF (K, 00 €))]. We have:

N N
B(0kn) <B[(00) — 1 D VA (ke 80 + 15 O V(a0 0]
i=1 i=1

B A CAN D (A D))

(a)
<E[(6k) = nA(Sk—r(k)] +€”, (39)

where (a) follows from f is a quadratic convex function. We note that |e”’|| < % since we have the bounded gradient Assumption 4.

Then, we have

5k+1 0 L —I]A 0 5/( e//
5 Lo o0 ol 5" 0

: = . : + . (40)
Sk—z(k)+1 Do o ke 0
Sk—z(k) 0 0 - 1 o k-1 0

Let Matrix
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10 -n1A 0
1 0 0 0
Q& = S (41)
0 0 1 0
Consider the characteristic polynomial
0o -+ -nA 0 Vi Vi
0o .- 0 0 \'2] \'2]
=l| | (42)
0 0 - 1T 00 ve(ky+2 Vr(k)+2

which implies v1 = Agva, va = AgVs, ..V, = AQVy(k)+2. Plugging this in to the first row, we have:

K k
(=25 "2 +25 ™ + Ag[-nAl) Ve (k)42 = 0. (43)
Since A is symmetric, then it has eigenvalue decomposition A = UAUT . Then equation can be written as:
k k
U(-25 +24 A5 1+ Ag[-nAlUT = 0. (44)
Let Ay, ..., Ay € [, M] be eigenvalue of symmetric matrix A. Then we have
Ag“ [ =2 +1] = AglnAil. (45)

Since 0 < < ﬁ,d > 1, A1, .., Ap € [p, M], then we have 0 < yA; < 1. Thus, max(|/1Q|) = 1. Thus, for mod(k, q) # 0 we have

2nM
Blldke | <ENSl+ - (46)

For those k-values that satisfy mod(k, q) = 0, we can also show || (Sgy )|l = | (Xg41) — (XI,<+1)” <)l + % Also, from (46), we always
have || (Sl < (811 + % for mod(k, q) # 0. By applying this bound inductively, we can bound 8y ; using the total number K iterations
as:

2nMK
1) < . 47
I 8 s = (47)

Lastly, it follows from the definition of algorithm stability and the M-Lipschitz Assumption 3 of the loss function that our SA-SpiderBoost
algorithm has the following stability bound:

, 2nM?K
¢ < MBI T
This completes the proof.
B.2 Proofs of Theorem 2
Recall that update rule for SpiderBoost is given by:
1
Xkt =Xk Mg Z(Vf(Xk—f(k), &) = VK (k)-1-2(k—r(k)~1)> §i) + Vk-1-2(k))- (48)

ieS
Let S and S’ be two data sets such that S and S’ differ in at most one example, where S = (&1, &, ...,éN) andS” = (¢1,&, ..., §1,\I) Let
Sk = X — X;.. Suppose Xo = x).
Now, taking expectation of 8, with respect of the algorithm, we get
E(Sk+1) = E(xe1) — E(xp,y) = E(Sk) — n[E(vg) —E(v))]. (49)

Since we vy is the unbiased estimated of Vf(x¢_r(k)), we have:

E(Sk+1) = E(Sk) = n[B(Vf K=z (k) = BV (X5 )] (50)
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At Step k, with probability 1 — 1/N, the example is the same in S and S’. With probability % the example is different in S and S’. Hence, we
have

1 1Y ,
Ell(Bs) | <EN@0) = n( 21 Vf (ki €0) + 1 Z; LCAN )|
+ %]UHVf(X;C_T(k)s &) - Vf(xl’c_,(k): §;))||

(a) 1 Y 1 oM
LBNG0) ~ 1 YV Gtmrtin 80) + 1 D VS (i )+ 200
i=1 i=1

(b) N N M
BN+ 131 D T kerop ) = (0 D T g G+ T
i=1 i=1

(c) 2nM
<Ell(60)ll + 27M + T, (51)
where (a) and (b) follows from the triangle inequality, (c) follows from the bounded gradient Assumption 4. We note that ||V f (XIIC—‘[( k) &))—

Vf(x]'c_f(k), EN)l < 2nM derives form the bounded gradient Assumption 4.
For those k-values that satisfy mod(k, q) = 0, we have ||(Sx41)|l = || (Xg41) — (x,’c+1)|| < (Sl + % Also, from (51), we always have

Okl < 1S + 29M + % for mod(k,q) # 0. By applying this bound inductively, we can bound i, using the total number K
iterations as:

2nMK
B | 8 Il 2pMK + = (52)

Lastly, it follows from the definition of algorithm stability and the M-Lipschitz Assumption 3 of the loss function that our SA-SpiderBoost
algorithm has the following stability bound:
2nM*K
¢ <M-E | Sar lI< 2nM?K + "T

C CONVERGENCE ANALYSIS OF SA-SPIDERBOOST FOR SHARED MEMORY
To prove the result stated in the theorem, we first prove a useful lemma below.
LEMMA 2. Let all assumptions hold and apply SA-SpiderBoost in Algorithm 3, if the parametersn,q and S are chosen such that
Lp*  L*p® q(A+1)

. N 2
= — — — = — 53
b 2d  2d d? ( |S| +4%) >0, (3)

and if for mod(k, q) = 0,we always have

E”Vk - Vf(xk)Hz < 612, (54)
then the output point x; of SA-SpiderBoost satisfies
2072 4 9(A+D) 2
2 2 20 5 qA+1) g, AT Ty 2 o (55)
BIVS Gl < [ n+ T (8% + =g =Ind) el + [ ——7 + g | 00) = ).

Proor. We aim to bound EHV fxg) ||2 { is random choose from array 1, ..., K. Following the inequality of arithmetic and geometric means,
we have:

BV = BV () = v +vell” < 2BV () = vi [P+ 28] | (56)
Next, we bound the terms E [[v¢||* and E |V f(x) - v¢|* on the right-hand-side of (56) individually.
To evaluate E ”V fxg) - VSV”Z, we start from the iteration relationship of our SA-SpiderBoost algorithm. Toward this end, we first bound
the distance of the inner loop ]E“v;C - ﬁ Zﬁl Vi (Xk—z(k)> §i)H2. Let ng = [k/q] such that (n — 1)q < k < nrq — 1, we have:

N
Blvi = " VF Ceteris &
i=1

N

(@) 1 1

< E”E DV Gty £ = VI Rpe—y g (1) okt &) = 5 DV ke €7)
ieS j=1
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N N
1 1 1
+ N ; Vf(xk—l—r(k)—rk‘l‘f(k)’ é{,)]”z + E”E ;S [Vk—l—f(k) - N Z Vf(xk—l—r(k)—fk—l—r(k)s g])] ”2

( )
! ZE” Vf(Xk r(k)> gl) Vf(Xk 1-7(k)— rk-1-7(k) > gz va(xk z(k)» g])

=2
|S| ieS

+—ZVf(Xk =2 ()—rk1-r0 EDII° + ElVio1oeqry = _va(xk ek —rk-1-r0 €D
j=1
Z E||V f (%= (k) &) Vf(xk_1_f(k)_1—k—l—r(k)"fi)“z

N
1
+E|Vic1-e ) — DI 2{C |
i=1

@ 17 1 ¥
Z E|[Xk—r (k) = Xg—1-7 (1) k1=l [ 7 N Z Vi Kpem1—r (k) =kt &)l
i=1

“ 5P £
k-7 (k)-1 N
(e) L*n? 1
= WE” . D vill” + EllVi1 o - N Z Y Ry () —ok-e0 €D
i=k—7(k)-1-7(k-7(k)-1) i=1
(f)L2 9 k—z(k)-1 LN
~|S|d (A+1) Z E”"inz + E“Vk—l—r(k) N ; VI (Rhem1 -z ()~ k1) §i)“z> (57)

i=k—7(k)-1-7(k-7(k)-1)
where (a)follows from the gradient update rule vj = ﬁ 2ies(Vf (Xk—r(k)> &) — Vf (Xk—1-2(k),1) +Vk717,[(k),.[k—l—r(k)) and Lemma 1 in [6],
(b) and (c)use A.3 in [6], (d) follows from Lipchitz continuity of Vf(x). (e) is due to the condition on update rule. (f) follows from the

maximum delay is A.
Since vi_;j_;(k) are generated from previous step, telescoping q iterations, we obtain that:

k—1-7(k)

N 2,2
1 L A+1
i 3 2 VS ere Bl < LS ST P
i=1 j=(nk-1)q
1 2
BV g = 57 2 Y Cmenyg B (8)
i=1

Next, we can conclude that,

1 N 2
Blvi ~ & 2, VG &)
i=1

(a) 1 2 1 & 1 2
< ZE”Vk - N Z Vf(xk—r(k)’ fl)” + ZEHN Z Vf(xk—‘r(k)’ §1) - N Z Vf(Xk, é’l)H
i i i=1

(b)
< 2B|lvi - = Z VI (Xk—z(k)s LED|F + 2L2E|xe (k) x|’

i=1

= 2E[vi - _va (ke &0 +2L%E]| Z 1 =)

Jj=k=(k)

ZEHVk- _va(xk e 8| +2L2A Z E||(xj41 - x))|f
j=k-t(k)

k-1
d 1 2L2n% A
@ 2E||vy - N Z Vi (Xk—r(k)> fi)”2 + ;,7 Z EHVJ'”Z
i=1

Jj=k-(k)

k=1-7(k)

() 2L%n2(A+1 1 &
DY (P RS 3 e
j=(nk=1)q i=1
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Z Envjuz, (59)

where (a)follows from the triangle inequality, (b) follows from L-smooth property of f(x). (c) is due to the triangle inequality and the
maximum delay is A. (d) uses the condition on update rule and (e) follows from (58).

Next, we continue to bound the other term E ||V§H2 on the right-hand-side of (56). To evaluate
relationship of our SA-SpiderBoost algorithm. By Assumption 5, the entire objective function f is L—smooth, which further implies

2, we start from the iteration

FOkan) < FO8) + (V£ 051, Xk = 369 + 5 ks = anz

(60)

f(Xk) + _”Vk - Vf(Xk)H - (— - —)||

lIx1>+Ily 112
2

where (a) uses the update rule of SA-Spiderboost, and the inequality that (x,y) < ,for x,y € R¥. Thus, we have

L 2
Bf (xkar) < BF (x) + 2E|vic = VFo)|[* = (2 - ZE|fwi
k-1-7(k) ) 1 N ,
>0 BV + 2BV (n1g - N PR CT ] )
j=(ne-1)q i=1
k-1

2. Elil) —(———)EIIVkH +Ef (xk)

J=k—7(k)

(a) (2L2q2(A+1)
~2d |S|d

n 2L%n%A
*2d T a

k=1-7(k)

L’3(A+1) a4
<Ef(xk) - (— - —)E“ Wl + —61 MR Z E|lv,|* + —5— ' Z E|lv,|*
j=(nk-1)q Jj=k—7(k)

k 1
L3 (A+1) L2p3A
<80 - (- Doyl + 2+ ELEED S g LA S g 6y
Jj=(nx-1)q j=k-1(k)

(@) (b)
where 2 follows from (59), < follows from the E”V(nk—l)q - Vf(x(nk_l)q)”2 < ef.
Next, telescoping (61 )over k from (nj — 1)q to k where k < nrq — 1, we have

(@) p? & k
Bf (1) <Ef (Xmenyg) = (G5 = 5) 2, Elvlf+ YL 1d

i:(nrl)q i=(ng-1)q

L2n*(A+1) R A
T Z Z E|lvi]* + pz Z Z E|lvi*

Jj=(ng-1)qi=(nk-1)q j=(ne=1)qi=j-1J

®) n L § 2 S,
SEf(meng) = (g = ) 2 ENll+ XL 54

i:(nrl)q i=(ng-1)q

L2n3(A +1 L 3p2 Kk
R @

Jj=(ng-1)qi=(nx-1)q i=(nk-1)q

where (a) follows from (61), (b) extends the summation of second term form j to k. It then follows that:

(@ no L. & 2 N 0,
Bf (1) SEf(xmeng) = (55— o) 2, EvlP+ Y e

i=(nxg-1)q i=(nx-1)q

L3 (A +1) k L?p3A2 k
+qIT Z E”viH2+ Pz Z E||Vi||2

i=(nx-1)q Jj=(nk-1)q

U

k 2 72,3 k
n n  Lp* Loy’ q(A+1)
Ef g+ D, g6 log g 7( s A >, Elwil’
i=(ng-1)q i=(nk-1)q
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k

Elf K-l = Y, (BE[ = 5D,

i=(nk-1)q

where (a) follows from (62). Then, we can further derive:

Ef (xk) = Ef (x0) = (Ef(xq) = Ef(x0)) + (Ef (x2q) - Ef(xq) +o+ (Bf (%K) = Ef (X(n-1))))

2gq-1

@ 5
< - BBl - 5 >_z(m||v,n -2 - =S G -1
i=0

(nk-1)q
K-1 - K- . K
== 2 BuEi|* - Seh =~ Z(ﬁﬂE”vl-H )+
=0 i=0
where (a) follows from eq.(63),. Since Ef (xg) > f(x*), then we have
B7) - Bftaa) < - 3" (uBllf) + KLt
- i=0 i d!

By rearranging (65), we have:
K-1

z_1 PRACOENM f
Ellve[" = ) Eljvilf < - dﬁl L
It then follow that:
_1-7¢
() 2L2772(A+1) {-1-r N
Blve ~ Vil < BT L Bl 2Bl eng 5 2V omng I
Jj=(nz-1)q =
N i
Jj=¢~ ¢
e
(b) 212 2(A+1) —1-15
= |S|d T ¢ Z E||V;H + 26 + Ag Z E||v1||
7= (”§ e i= g 23
2L%* (A +1)
< IS|d —pma Z IEHV,” +2¢% + Ag Z E||V1H
Jj=(nz-1)q Bt
(©) 2L%p%(A +1) min{(n;)q-1,K-1}
= ’]S—dE Z E||Vi“2+26f E Z E“V,”
| | i:(ng—l)q _g L,
d) q K-1 2L2p%(A + 1) ) =
< K ; TEHV:” +2e2+ e IZ(; EH

2L2172q(A+1) 2L2n% N2
o + ] )K Z E”Vl” +261
0

i=

(2 2L2(A% + q(A+1)) 3 e 2L2(A? + q(A 1))’7 Flxo) - f*
B prd? ar d [ Kp k

(63)

(64)

(65)

(66)

(67)

where (a) follows from (55), (b) follows from (61), (c) follows from the definition of n;, which implies £ < min{(n;)q—1,K — 1}, (d)follows

from the fact that the probability that n; = 1,2, ..., nk is less than or equal to % and (e)follows from (68). Then we can obtain

v x| < 289 ) v+ 2Bl

(@  2LE(A%+ q(A+1>) 3 2L2(A? + q(A )),7 e
<2 ﬁld2|5| +2]€ + v [f(xl(?ﬁl )
fo) = f" |

+2[ o+ e

Kp1 /ild 1



SYNTHESIS for Distributed Learning in Computing Clusters MobiHoc °22, October 17-20, 2022, Seoul, Republic of Korea

q(A+1)
2 q(A+1) 4L2(A2+_ i )’72 2

2L 3 2 "
=—(n+— (A" + +4|e7 + + — x0) — ), 68
[5atn+ ¢ s ) e+ [ 5 | F0) = 1) (68)
where (a) follows the (67) and (68). This completes the proof. o
To wrap up the proof of the theorem, we set the parameters as:
1
=VYN,S = VN =
g=VN,s=VN, g AGD (69)
Then, we obtain:
n Ly L% q(A+1) 1 1 (1+A+A2%)
-4 _ =0 _ A?) = (1= — 0 70
Pi=oi 2 @ U "M ey U aaen  masnz)” 70
for mod(k, q) = 0 we have E”vk - Vf(xk)H2 = 0. Then, after K iterations, we have
2 8Ld(A+1 20 +1)2d+ A2+ A+1 ;
BV < EEHY_ 2EHY (Flx) = f°). ™)

K 2d(A+1)2 —d(A+1) - (A2 +A+1)
To ensure E”Vf(xév)” < ¢, it suffices to ensureIE,”Vf(xév)”2 < €2. Solving for K yields:

_ 8Ld(A+1) 20+ 1D2d+ A%+ A+1
- e 2d(A+1)2—-d(A+1) - (A2+A+1)

Similar to Theorem 1, the total SFO complexity can be calculated as: [%]NH'(-S < %NH‘CS = KYN+N+KVN = O(YNe 2(A+1)d+N).
This completes the proof.

K (f(x0) = f) = O( (72)

f(XO)_f*)
Ez '

D GENERALIZATION ANALYSIS OF SA-SPIDERBOOST FOR SHARED MEMORY
D.1 Proofs of Theorem 4

Proor. Recall that update rule for SA-SpiderBoost for shared-memory system is given by:

1
(X4 mye = X )my — U] Z(Vf(xk—r(k)a &) = Vf (R (k)—1-r(k=r(k)=1)> &) + Vk—1—7(k) )y - (73)
ieS
Let S and S’ be two data sets such that S and S’ differ in at most one example, where S = (£, &, ....&N) and §” = (§{, & 5(1,\1) Let
Sk = Xk — X;.. Suppose Xo = X;.
Now, taking expectation of 8, with respect of the algorithm, we get

E(0k+1)me = BE(Xps1)my — E(X;/C_,,l)mk =E( ) me — n[E(Vi)my — E(V]/c)mk]~ (74)
Since we vy is the unbiased estimated of Vf(xy_.(x)), we have:
E(Sk+1)me = E(0)my = NE(Vf Kie—r(0) Dmie = BV (X (1) ]- (75)

At Step k, with probability 1 — 1/N, the example is the same in S and S’. With probability #, the example is different in S and S’. Hence, we
have

N N
BBkt <E[@me =15 2 VS (ki 80+ 15 0 VS (Kt 6
i=1 i=1

SRS TN

(a) .
< E[((Sk)mk - UA(ak—r(k))mk] +¢€”, (76)
where (a) follows from f is a quadratic convex function. We note that |[e”’|| < i”—\% since we have the bounded gradient Assumption 4 and

my € 1,2, ...,d is the uniformly selected updated coordinate in x in iteration k. Then, we have

(5k+1)mk 1 g o _UA 0 (5k)mk e’
(5k)mk o (5k—1)mk 0

S : +| | (7
Sk—r(byer| |1 o Ok 0

5k—r(k) o 0 --- 1 0 (5k—r(k)—1)mk 0
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Let Matrix
10 —nA 0
1 0 0 0
Q= (78)
0 0 1 0
Consider the characteristic polynomial
0o -+ —-nA 0 Vi Vi
0o .- 0 0 \'2] \'2]
=g , (79)
0 0 - 1T 00 ve(ry+2 Vr(k)+2
which implies v1 = Agva., V2 = AQVs, ...V iy = AQVr(k)+2 plugging this in to the first row, then we have
k42 h+1
( - AQ + AQ + AQ[_UA])Vr(k)+2 =0. (80)
Since A is symmetric, then it has eigenvalue decomposition A = UAUT. Then equation can be written as:
U(- 2572 +25 " + Ag[-nA])UT =o0. 1)
Let Ay, ..., Ay € [, M] be eigenvalue of symmetric matrix A. Then we have
Ag“ [ =2 +1] = AglnAil. (82)
Since 0 < < ﬁ,d > 1, A1, .., Ap € [p, M], then we have 0 < nA; < 1. Thus, max(|)LQ|) = 1. Thus, for mod(k, q) # 0 we have
2nM
Bl (Sl < Bll Gl + == (83)
NVd
For those k-values that satisfy mod(k, q) = 0, we can also show ||(8xs1)me |l = | Zke)me — (X el < NSt )me |l + M Also, from
y q k+1)my k+1)my k+1/ Mk k)my NVd
(83), we always have || (Sgr)me |l < 1(Sx)me |l + M By applying this bound inductively, we can bound ., using the total number K
k KT NV
iterations as:
2nMK
Bl b s = (84)
Similar to Theorem ??, the SA-SpiderBoost algorithm has the following stability bound:
, 2nM?K
€ <M-E| b1 lI< NVT (85)
This completes the proof. O
D.2 Proofs of Theorem 4
Proor. Recall that update rule for SpiderBoost is given by:
1
(X )mye = Ki)mye — U] Z(Vf(xk—r(k)> &) = VI (Xkr (k) - 1-2(k—r(k)-1)> &) + Vi—1-7(k) )y - (86)

ieS

Let S and S’ be two data sets such that S and S’ differ in at most one example, where S = (&, &, ..., EN) and §’ = (§{, fé, ey §I’V) Let

Ok = Xk — X;.. Suppose Xo = X;.
Now, taking expectation of 8, with respect of the algorithm, we get

E(5k+1)mk = E(Xkﬂ)mk - E(X;ﬁ,l)mk = E(5k)mk - U[E(Vk)mk - E(V;C)mk]~

Since we vy is the unbiased estimated of Vf(xy_;(x)). we have

E(Sk+1)me = B(Sk)mye = ME(Vf (Xg—z (k) )y — E(Vf(xl’c_r(k)))mkl

(87)

(88)
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At Step k, with probability 1 — 1/N, the example is the same in S and S’. With probability ﬁ the example is different in S and S’. Hence, we
have

N N
BN GerDmell BN me = 1~ > VF ke EDme + 1= > VEE 0, ED g |
N i=1 N i=1 ( )

+ lnIIVf(x;_,<k), EDm — V(K &) |

M
QB (8, - n(—ZVf(Xk o ) (= ZVf(xk i B+ 2 o
(b) 1 2nM
BBl + 7B (5 Zl VF (ke 6 — ZVﬂxk A
BN Gyl + 2354 2”\? (89)

where (a) and () follows from the triangle inequality, (¢) follows from the bounded gradient Assumption 4. We note that ||V f (Xl’<—‘r ()’ E))mp—

Vf (XIL—T( k)’ ENmell < % derives form the bounded gradient Assumption 4 and my. € 1,2, ..., d is the uniformly selected updated coordinate

in x in iteration k.
While i # my , we have (8)i+1 = (X )i+1 — (X,’C)l‘.'.l == (X)i — (Xl,c)i = (6k)i Then we have

277M 2nM
E|l (G4 ) 1l <EI(S)I + +—. 90)
+1 \/E NYVa (
Thus, total number K of iterations satisfies
2nMK  2nMK
I 8enr Nl e + S 1)
Vd  NVd
Similar to Theorem ??, the SA-SpiderBoost algorithm has the following stability bound:
2iM?K  2nM*K
e <M | 8 ll< 2 + (92)

NVd

This completes the proof. O
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